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ABSTRACT

Code_Saturne solves the Navier-Stokes equations for 2D, 2D axisymmetric, or 3D, steady or unsteady,
laminar or turbulent, incompressible or dilatable flows, with or without heat transfer, and with possible
scalar fluctuations. The code also includes a Lagrangian module, a semi-transparent radiation module,
a gas combustion module, a coal combustion module, an electric module (Joule effect and electric
arc) and a compressible module. In the present document, the ”gas combustion”, ”coal combustion”,
7electric” and ”compressible” capabilities of the code will be referred to as ”particular physics”. The
code uses a finite volume discretization. A wide range of unstructured meshes, either hybrid (containing

elements of different types) and/or non-conform, can be used.

This document constitutes the theory guide associated with the kernel of Code_Saturne. The system
of equations considered consists of the Navier-Stokes equations, with turbulence and passive scalars.
Firstly, the continuous equations for mass, momentum, turbulence and passive scalars are presented.
Secondly, information related to the time scheme is supplied. Thirdly, the spatial discretisation is
detailed: it is based on a co-located® finite volume scheme for unstructured meshes. Fourthly, the
different source terms are described. Fithly, boundary conditions are detailed. And finally, some
algebrae such as how to solve a non-linear convection diffusion equation and some linear algebrae
algorithms are presented.

In a seconde part, advanced modellings such as Combustion, electric and compressible flows are pre-
sented with their particular treatments.

To make the documentation suitable to the developers’ needs, the appendix has been organized into
sub-sections corresponding to the major steps of the algorithm and to some important subroutines of
the code.

During the development process of the code, the documentation is naturally updated as and when
required by the evolution of the source code itself. Suggestions for improvement are more than
welcome. In particular, it will be necessary to deal with some transverse subjects (such as parallelism,
periodicity) which were voluntarily left out of the first versions, to focus on the algorithms and their
implementation.

To make it easier for the developers to keep the documentation up to date during the development
process, the choice is made to not base this document on the implementation (except in the appendix)
but to keep as much as possible a general formulation. For developers who are interested in the way
theory is implemented, please refer to the doxygen documentation. A special effort will be made to
link this theory guide to the doxygen documentation.

Code_Saturne is free software; you can redistribute it and/or modify it under the terms of the GNU
General Public License as published by the Free Software Foundation; either version 2 of the License,
or (at your option) any later version. Code_Saturne is distributed in the hope that it will be useful,
but WITHOUT ANY WARRANTY; without even the implied warranty of MERCHANTABILITY or
FITNESS FOR A PARTICULAR PURPOSE. See the GNU General Public License for more details.

LAll the variables are located at the centres of the cells.
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Nomenclature

Greek symbols
aq mass fraction of the continuous phase

o ;  mass fraction of the particle class ¢

£ turbulent kinetic energy dissipation tensor
€ turbulent kinetic energy dissipation

r mass source term

" dynamic viscosity

1 dynamic molecular viscosity

Q; the cell ¢

|2;]  volume of the cell 4

() pressure-velocity correlation tensor

P density field

Pm bulk density

a total stress tensor
T viscous stress tensor, which is the deviatoric part of the stress tensor
Operators

(i)D deviatoric part of a tensor

double dot product

s .
(L) symmetric part of a tensor

tr (:) trace of a tensor
Roman symbols
turbulent kinetic energy buoyancy term

turbulent buoyancy term for dissipation

o Q4 O
™

turbulent buoyancy production tensor

constant of the standard & — & model

R

constant of the standard & — & model

-1 -1

kg/m?

Pa

kgm~t.s73

kg.m~t.s73



Code_Saturne

EDF R&D Code_Saturne 5.2.1 Theory Guide documentation
Page 8/430

C., constant of the standard k£ — € model depending on the buoyancy term

Cu eddy viscosity constant

f interior or boundary cell face

Fi group of all faces of the cell 7

F center of the face f;; between cells ¢ and j

H,,  bulk enthalpy J/kg

I centre of €;

k turbulent kinetic energy m2.s72

K tensor of the velocity head loss st

P pressure field Pa

Py, average of the pressure field on the interface between the neighbouring cells i and j Pa

P, pressure of the bulk Pa

P turbulent kinetic energy production kg.m~t.s73

P turbulent production tensor kg.m=1.s73

R;; componant ¢j of the Reynolds stress tensor m2.s72

T velocity density correlation vector p’u/, generally modelled by a Generalized Gradient Diffusion
Hypothesis (GGDH): 2L R . Vp

R Reynolds stress tensor m2.s72

Sy, outward normal vector of the face f of the cell 4, normalized by the surface |S|

é strain rate tensor 571

ST.  additional turbulent dissipation source term kgm~t.s™?

STy,  additional turbulent kinetic energy source term kg.m~t.s3

ST,  explicit additional momentum source terms kg.m™2.s72

t time [s]

U, bulk velocity m/s

u velocity field m.s

1 mass fraction of continuous phase

To mass fraction of the particle phase

22, mass fraction of the particle class i
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Disclaimer

Code_Saturne is free software; you can redistribute it and/or modify it under the terms of the GNU
General Public License as published by the Free Software Foundation; either version 2 of the License,
or (at your option) any later version.

Code_Saturne is distributed in the hope that it will be useful, but WITHOUT ANY WARRANTY;
without even the implied warranty of MERCHANTABILITY or FITNESS FOR A PARTICULAR
PURPOSE. See the GNU General Public License for more details."

1.1 Aims of the document

This chapter constitutes an introduction to the theory guide associated with the kernel of Code_Saturne.
The system of equations considered consists of the Navier-Stokes equations, with turbulence and pas-
sive scalars. Firstly, the continuous equations for mass, momentum, turbulence and passive scalars
are presented. Secondly, information related to the time scheme is supplied. Thirdly, the spatial
discretisation is detailed: it is based on a co-located? finite volume scheme for unstructured meshes.
Fourthly, the different source terms are described. Fifthly, boundary conditions are detailed. And
finally, some algebrae such as how to solve a non-linear convection diffusion equation and some linear
algebrae algorithms are presented.

In a second part, advanced modellings are presented with their particular treatments.

To make the documentation suitable to the developers’ needs, the appendix has been organized into
sub-sections corresponding to the major steps of the algorithm and to some important subroutines of
the code.

During the development process of the code, the documentation is naturally updated as and when
required by the evolution of the source code itself. Suggestions for improvement are more than
welcome. In particular, it will be necessary to deal with some transverse subjects (such as parallelism,
periodicity) which were voluntarily left out of the first versions, to focus on the algorithms and their
implementation.

To make it easier for the developers to keep the documentation up to date during the development
process, the choice is made not to base this document on the implementation (except in the appendix)
but to keep as much as possible a general formulation. For developers who are interested in the way
theory is implemented, please refer to the doxygen documentation (see local html documentation). A
special effort will be made to link this theory guide to the doxygen documentation.

You should have received a copy of the GNU General Public License along with Code_Saturne; if not, write to the
Free Software Foundation, Inc., 51 Franklin St, Fifth Floor, Boston, MA 02110-1301 USA
2All the variables are located at the centres of the cells.
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Generic solver capabilities
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2.1 Continuous mass and momentum equations

This section presents the continuous equations. It is no substitute for the specific sub-sections of this
documentation: the purpose here is mainly to provide an overview before more detailed reading.

Balance methodology: The continuous equations can be obtained applying budget on the mass,
momentum, or again on mass of a scalar. A useful theorem, the so-called Leibniz theorem, states that
the variation of the integral of a given field A over a moving domain € reads:

d 0A
— . 1.2.1
" (/Q AdQ> T dQ + - Av - dS, ( )

where v is the velocity of the boundary of 2 and 0f? is the boundary of € with a outward surface
element dS.

2.1.1 Laminar flows

Mass equation: Let now apply (I.2.1) to a fluid volume!, so 9Q moves with the fluid velocity
denoted by u, and to the field A = p, where p denotes the density:

(i(/ de) = %dﬂ+/ pu- dS,
Q Q o2 (1.2.2)

[ (%) a0,

d
the second line is obtained using Green relation. In (I1.2.2), the term X (fQ de) is zero because?

it is the variation of the mass of a fluid volume. This equality is true for any fluid volume, so if the
density field and the velocity field are sufficiently regular then the continuity equation holds:

0

a—? + div (pu) = 0. (1.2.3)
Equation (I1.2.3) could be slightly generalized to cases where a mass source term I' exists:

0

8—? +div (pu) =T, (1.2.4)

but I' is generally taken to 0.

Momentum equation: The same procedure on the momentum gives:

jt( /Q pucm) _ /Q m;ﬁdm /8 _u® (pu)-ds. .

/ 9(pu) +div (u® pu)dQ,
Q

ot

once again, the Green relation has been used to obtain the second line. One then invokes Newton’s
second law stating that the variation of momentum is equal to the external forces:

d
(/pudﬁ) = / g-dsS + /pgdﬂ ,
dt \ /o o9~ o
boundary force volume force (126)

= [ div () +pgd®,
Q

LA fluid volume consists of fluid particles, that is to say it moves with the fluid velocity.
2 it can be non-zero in some rare cases when fluid is created by a chemical reaction for instance.
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where ¢ is the Cauchy stress tensor?, g is the gravity field. Other source of momentum can be added
in particular case, such as head losses or Coriolis forces for instance.

Finally, bringing (1.2.5) and (1.2.6) all together the momentum equation is obtained:

0 . . ;
57 (Pw) + div (w® pu) = div () + pg + ST, — pKu+Tu'™, (I.2.7)
where ST, and pK u stand for an additional momentum Source Terms (head loss, treated as implicit
by default) which may be prescribed by the user (head loss, I'u" contribution associated with a
user-prescribed mass source term...). Note that K is a symmetric positive tensor, by definition , so
that its contribution to the kinetic energy balance is negative.

In order to make the set of Equations (I.2.4) and (1.2.7) closed, the Newtonian state law linking the
deviatoric part of the stress tensor g to the velocity field (more precisely to the rate of strain tensor
S) is introduced:

2
7 =2uS" =2uS — st (9) L, (1.2.8)

where p1 = py is called the dynamic molecular viscosity, whereas 7 is the viscous stress tensor and the
pressure field are defined as:

1
P = —tr (g) ,
3= (1.2.9)
g = z-P1
and S , the strain rate tensor, as:
1
S=5Nu+ vu'). (1.2.10)

Note that a fluid for which (I1.2.8) holds, is called a Newtonian fluid, it is generally the case for water
or air, but not the case for a paint because the stresses do not depend linearly on the strain rate.

Navier-Stokes equations: Injecting Equation (I.2.8) into the momentum Equation (I.2.7) and
combining it with the continuity Equation (I.2.4) give the Navier-Stokes equations:

% +div (pu) = T,
0 2 .
HlPw) +div (u®pu) = -VP+dv (u [VquVuT - 3tr (Yo IdD +pg+ ST, — pKu+Tu™,

(1.2.11)

The left hand side of the momentum part of Equation (I.2.11) can be rewritten using the continuity
Equation (I1.2.4):

O pu) +div (@opw) = p 2+ Ly tdiv (o) ut Y- (puw). (1.2.12)
[T —div (pu)]u convection

Then the Navier-Stokes equations read in non-conservative form:
- Tdiv (pu) = T,

2 ,
St Vu- () = -VP+div (u {VquVuT—gtr (VU)IdD +pg+ ST, — pKu+T (u' —u),

(1.2.13)
This formulation will be used in the following. Note that the convective term is nothing else but
Vu-(pu) = div (u® pu) — div (pu) u, this relationship should be conserved by the space-discretized
scheme (see Chapter 4).

3 o - dS represents the forces exerted on the surface element dS by the exterior of the domain Q.
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2.1.2 Turbulent flows with a Reynolds-Averaged Navier-Stokes ap-
proach (RANS):

When the flow becomes turbulent, the RANS approach is to consider the velocity field u as stochastic
and then splat into a mean field denoted by @ and a fluctuating field v’

u=u+u. (1.2.14)

The Reynolds average operator (-) is applied to Navier-Stokes Equation (1.2.11):

dp
il 3 77 =T
5 +div (pT) :
m — 2
p% +Vu-(pm) = -VP+div (u {Vu+VuT - 3tr (Y2) IdD +pg —div (pB)  (1.2.15)

+ ST,—-pKu+T (@" -u),

Only the mean fields @ and P are computed. An additional term R appears in the Reynolds Equations
(I.2.15) which is by definition the covariance tensor of the fluctuating velocity field and called the
Reynolds stress tensor:

R=v®u. (1.2.16)

the latter requires a closure modelling which depends on the turbulence model adopted. Two major
types of modelling exist:

i/ Eddy Viscosity Models (EVM) which assume that the Reynolds stress tensor is aligned with the
strain rate tensor of the mean flow (S =1 (Vu+ Vu”)):

2 _
pR = Spkl- 2urS" (1.2.17)

where the turbulent kinetic energy k is defined by:

k=gir(B), (1.2.18)

and pr is called the dynamic turbulent viscosity and must be modelled. Note that the viscous
part ,uTSD of the Reynolds stresses is simply added to the viscous part of the stress tensor ,ulSD
so that the momentum equation for the mean velocity is similar to the one of a laminar flow
with a variable viscosity p = w; + pr. Five EVM are available in Code_Saturne: k —e, k — ¢
with Linear Production (LP), k — w SST, Spalart Allmaras, and an Elliptic Blending model
(EB-EVM) Bl —v? — k ([BL12]).

ii/ Differential Reynolds Stress Models (DRSM ) which solve a transport equation on the components
of the Reynolds stress tensor R during the simulation, and are readily available for the momentum
equation (1.2.15). Three DRSM models are available in Code_Saturne: R;; — € proposed by
Launder Reece and Rodi (LRR) in [LRRT75], R;; — ¢ proposed by Speziale, Sarkar and Gatski
(SSG) in [SSGI1] and an Elliptic Blending version EB-RSM (see [MHO02]).

2.1.3 Large Eddy Simulation (LES):

The LES approach consists in spatially filtering the u field using an operator denoted by (-). Applying
the latter filter to the Navier-Stokes Equations (I1.2.22) gives:

@ yaiv (o) = T,
4V (on) = -VP+div (28 ) +pg—div (o @w) + ST, — pKu+T (7" ),
(1.2.19)
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where v’ are non-filtered fluctuations. An eddy viscosity hypothesis is made on the additional resulting
tensor:

2 P
pu' @ u = pkld—2urS (1.2.20)

where the above turbulent viscosity pr now accounts only for sub-grid effects.

2.1.4 Formulation for laminar, RANS or LES calculation:

For the sake of simplicity, in all cases, the computed velocity field will be denoted by w even if it is
about RANS velocity field @ or LES velocity field u.

Moreover, a manipulation on the right hand side of the momentum is performed to change the meaning

of the pressure field. let P* be the dynamic pressure field defined by:

2
P* =P —pog-z+ gpk‘, (I.2.21)

where pg is a reference constant density field. Then the continuity and the momentum equations read:

0
a—[t) +div (pu) = T,
p% +Vu-(pu) = —VP*+div (2(w +pr)SP) —div (pR” +2urS”) + (p— po) g
+ ST, —pKu+T (u™ —u).
(1.2.22)
2.2 Thermal equations
2.2.1 Energy equation
The energy equation reads:
p% = —div (¢") + ¢ — Pdiv (u) + pS?, (1.2.23)

"

where e is the specific internal energy, ¢ !

is the heat flux vector, ¢”’ is the dissipation rate or rate of

internal heat generation and S? is scalar strain rate defined by

5% =287 5", (1.2.24)

The Fourier law of heat conduction gives:

¢’ = —\VT, (1.2.25)

where A is the thermal conductivity and 7T is the temperature field.

2.2.2 Enthalpy equation
Thermodynamics definition of enthalpy gives:

1
h=etlp (1.2.26)
p

d
Applying the Lagrangian derivative X to h:

dh de 1dP Pdp
—=—t - == 1.2.2
dt  dt + pdt p2dt’ ( 7
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then
dh _ : " : 2 dpP i dp
i div (A\VT) + ¢"" — Pdivu + pS* + FTERTE
dp d
= div (AVT) +¢"" + puS? + T % d—/t) + pdivu |, (1.2.28)
=0
dp
= div (A\VT) + ¢"" + pS? + TR

To express (1.2.28) only in terms of h and not T, some thermodynamics relationships can be used. For
a pure substance, Maxwell’s relations give:

dh = C,dT + % (1 - BT)dP, (1.2.29)
where [ is the thermal expansion coefficient defined by:
5= _% % - (1.2.30)
The equation (I.2.28) then becomes:
p% = div (CA,, (Vh 1 _p'BTVP>> +q" + puS* + %1;. (1.2.31)

Remark 2.1 Note that for incompressible flows, BT is negligible compared to 1. Moreover, for ideal
gas, B =1/T so the following relationship holds:

dh = C,dT. (1.2.32)

2.2.3 Temperature equation

In order to rearrange the enthalpy Equation (I.2.28) in terms of temperature (1.2.29) is used:

Os| __oQ/p)| _ 1 0p| _ B (1.2.33)
OP | or |p p* OT|p p’ o
and also: \ ) T
. (Vh _1=5 VP) = \VT, (1.2.34)
Cp P
and Equation (1.2.31) becomes:
dr dpP
pCpgp = div (A\VT) + BT+ q" + pS?. (1.2.35)
The Eq. (1.2.35) can be reduced using some hypothesis, for example:
- . 1 .
e If the fluid is an ideal gas, § = T and it becomes:
dr dpP
pCp gy = div (\VT) + -+ q" + pS?. (1.2.36)

o If the fluid is incompressible, 8 = 0, ¢ = 0 and we generally neglect ;52 so that it becomes:

dT
pC.

by = div (AYT). (1.2.37)
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2.3 Equations for scalars

Two types of transport equations are considered:

i/ convection of a scalar with additional source terms:

909) . div (a pu) — div (KVa) = ST, + T a™, (L.2.38)
ot —_——— ——
advection diffusion

ii/ convection of the variance a”“ with additional source terms:

9 (pa?) 5 3 3
5 + div (a” pg) —div (K Va’ ) = ST(:,,V2 + I'a”
advection diffusion (1239)
Mt o2 PE "2
oMt (ya)2 — LE o
2l (vay - 2 0

production and dissipation

The two previous equations can be unified formally as:

Y )
% +div (puY) — div (KVY) = STy + TY™ + Py — ¢y (1.2.40)
with:
0 forY =a,
Py —ey = J— o (I.2.41)
2&(2&')2 ~ P oy =
Ot Rf

STy represents the additional source terms that may be prescribed by the user.

2.3.1 Equations for scalars with a drift
The Diffusion-Inertia model is available in Code_Saturne; it aims at modelling aerosol transport, and

was originally proposed by Zaichik et al. [ZSSA04]. Details on the theoretical work and implementation
of the model in the framework of Code_Saturne can be found in technical note H-181-2013-02277-EN.

Aerosol transport numerical model
The so-called diffusion-inertia model has been first proposed by Zaichik et al. [ZSSA04]. It is based on
the principle that the main characteristics of the aerosol transport in turbulent flows can be described

by solving a single transport equation on the particle mass concentration, which reads (using the
notations of P. Nérisson [Ner09]):

oc 9 U oUL\ 0 Q .
ey i i — — —— | — =— | Dv0; —D; = (I.2.42
8t+8mi<{Uf’+Tpg TP< ot T Uk 8xk> axk( Wi+ P )| C) = (12:42)

0 oC
oz, ((Db5ik + Dzik) 3%)

In this equation:

e (' represents the particle mass concentration;
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Uy, is the ¢ component of the fluid velocity;

Tp is the particle relaxation time;

g; is the i component of the gravity acceleration;

D, and DZ; are respectively the coefficient of Brownian diffusion and the tensor of turbulent
diffusivity.

A physical interpretation of the different terms involved in the transport equation of the aerosols
follows:

e 7,9; represents the transport due to gravity;

Uy, Uy,
o —7, a{’l +Us 3 f’l) represents the deviation of the aerosol trajectory with respect to the
T,
fluid (zero-inertia) particle due to particle inertia (which may be loosely referred to as “centrifu-
gal” effect);
0
° 8—Db5ik is the transport of particles due to the gradient of temperature (the so-called ther-
Ty
mophoresis);

0 Q
° 3 (MDsz) is the transport of particles due to the gradient of kinetic energy (the so-called
X

“turbophoresis”, or “turbophoretic effect”).

If the particulate Reynolds number is sufficiently small, the particle relaxation time 7, can be defined
as

_ oy
 18uy
with p, the particle density, p¢ the fluid dynamic viscosity and d, the particle diameter. It should be
underlined that to take advantage of the classical transport equation of the species in Code_Saturne,
Eq. (I1.2.42) is reformulated by considering the variable Y = C/p; (with py considered as a good
enough approximation of the density of the particle-laden flow) and actually solving an equation on
this variable. With a vectorial notation, this equation reads®:

™ (1.2.43)

Y
Por +div ([puy]Y) — div (puy ) Y + div (puy — pu) Y = div ({pr; + pgﬂ ZY) (1.2.44)

where the additional convective flux is:

du . Q
(puy — pu) = Tppg — Tpp-gy — div <pr1 + lerQD;> (1.2.45)

Brownian diffusion
Let us detail Eq. (1.2.42) in case all terms are canceled except the diffusion one:

p% = div ([pr; + pgﬂ yY) (1.2.46)

The coefficient Dy, is theoretically given by the Stokes-Einstein relation:

T
D, = 8

=2 (1.2.47)
6mpy =5

with kp the Boltzmann constant equal to 1.38 x 10723 J K1

4This equation is not exact. In the second member, density has been extracted from the gradient operator, and in the
additional convective flux density was integrated inside the divergent operator, for compatibility reason with Code_Saturne
construction. These approximations do not have major impact.
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Sedimentation terms

Let us now focus on the term simulating transport by the gravity acceleration, in case all terms that
model particle transport and diffusion are set to zero except gravity and the fluid velocity, the scalar
speed uy reduces to:

pUy = pu + Tpg (1.2.48)

Turbophoretic transport

Cancelling all but turbophoresis transport terms (no gravity, no turbulent diffusion, etc.), the scalar
associated velocity uy- becomes:

0
puy = pu — div (meZ) (1.2.49)

Turbophoresis should move the particles from the zones with higher turbulent kinetic energy to the
lower one. The fluid turbulent diffusion tensor can be expressed as:

D =rr{u ®u) (1.2.50)

With a Eddy Viscosity turbulence Model (EVM), one has

2
(W' ©u) = kL —vrS (1.2.51)
Also, for the k — £ model:
3C.k
== 1.2.52
i 2 ar € ( )

where C), = 0.09 is a constant and o7 the turbulent Schmidt, and © is defined by:

Q=-* (1.2.53)

3C, k
: T _ _ [k
with Tfp =T = 570 g




Chapter 3

Time stepping
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3.1 Time discretisation of a transport equation
At first, the physical properties of the flow are computed (density, viscosity, specific heat etc.): indeed,
they may depend upon the variables (such as the temperature for example).
The time scheme is a #-scheme:
# =1 for an implicit first order Euler scheme,

(1.3.1)

0= % for second order Crank-Nicolson scheme.

For the second order scheme, the time step is assumed to be constant.

If required, the equations for the turbulent variables are solved (turbulent kinetic energy and dissipation
or Reynolds stresses and dissipation), using a #-scheme again. For the k — & model, an additional step
is carried out to couple the source terms. For the Reynolds stress model, the variables (turbulent
stresses and dissipation) are solved sequentially, without coupling.

Next, the equations for the scalars (enthalpy, temperature, tracers, concentrations, mass fractions...)
are solved, also with a 6-scheme.

Finally, all the variables are updated and another time step may start.

The general equation for advection (valid for the velocity components, the turbulent variables and the
scalars) is re-written as follows in a condensed form; the mass equation (% +div (pu) =T see Equation
(I.2.4)) has been used to split the time derivative:

pait” + YV - (pu) — div (KVY) = 8; (@, 9) Y + 8¢ (D,0) + T (Y™ ~Y). (13.2)

In Equation (1.3.2), ® represents the physical properties such as (p, K, yit, -..),  represents the variables

of the problem such as (u,k,¢,...), S; (®, )Y is the linear part of the source terms and S, (P, ¢)
includes all other source terms.

Therefore, four different time steppings are used, they all define the time at which the quantities are
evaluated:

i/ 0 is the time stepping applied to the variable Y™+ = gy"*! 4 (1 —9) Y™,
ii/ 4 is the time stepping applied to the physical properties,
ili/ O is the time stepping applied to the mass flux,

iv/ g is the time stepping applied to the source terms,

If = 1/2, or if an extrapolation is used, the time step At is constant in time and uniform in space.

3.1.1 Physical properties ¢

The physical properties of the flow (density, viscosity, specific heat...) are:

e either explicit, defined at the time step n.

e or extrapolated at n + fg using the Adam-Bashforth time scheme (in this case, the time step is
assumed to be constant).

Under a more general form, this reads:

(I)n-‘ra(p = (1 + 9@) on — 9<I> (I)"_1’ (133)
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03 =0 standard explicit formulation,
fs = 1/2 second order extrapolation at n + 1/2, (1.3.4)
e =1 first order extrapolation at n + 1.

3.1.2 Mass flux

For the mass flux, three time schemes are available. The mass flux may be:

e explicit, taken at time step n for the momentum equations and updated with its value at time
step n + 1 for the equations for turbulence and scalars (standard scheme).

e explicit, taken at time step n for the momentum equations and also for the equations for turbu-
lence and scalars.

e taken at n + 6 (second order if 8 = 1/2). To solve the momentum equations, (py)"fereF

and (pu)" 10"

extrapolation:

are known. Hence, the value at n + 0 is obtained as a result of the following

(pw)™ 0 =2 (pu)" O — (pu)" PO (1.3.5)

At the end of this phase (after the pressure correction step), (p g)"“ is known and the following
interpolation is used to determine the mass flux at n + 6 that will be adopted for the equations
for turbulence and scalars:

1 1-46
n+0p n+1 F n—1+0g

See the programmers reference of the dedicated subroutine for further details on the computation of
the mass flux.

3.1.3 Source terms

As for the physical properties, the explicit source terms are:

e explicit:
[Se (@, )]" = S, (@™, o), (1.3.7)

e extrapolated at n + fg using the Adams-Bashforth scheme:

[Se (@, )" % = (14 6s) Se (2", ") — s Se ("1, ") (13.8)

By default, to be consistent and preserve the order of convergence in time, the implicit source terms are
discretized with the same scheme as that is used for convection-diffusion of the unknown considered,
i.e. taken at n 4+ 6:

[Si (@, ) Y™ = §;(@m+0+ o) [y 4+ (1—0)Y™] . (1.3.9)

Remark 3.1 The implicit source terms taken also at n+ 6 for 0s # 0, while for s = 0, the implicit
source terms are taken at n+ 1 , this to enhance stability.
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3.1.4 General time discretized form

For the sake of clarity, it is assumed hereafter that, unless otherwise explicitly stated, the mass flux
is taken at n 4 fr and the physical properties are taken at n 4 0¢, with 8 and 63 dependent upon
the specific schemes selected for the mass flux and the physical properties respectively and all s are
denoted by 6.

Under a general form, the discrete counterpart of Equation (I1.3.2) at n + 6 reads:

A% (Y™ —y™) 4 VY™ (pu) — div (KVY™) = [S;(D, 9)Y]" ™ + [S.(@, )], (1.3.10)

Using the standard #-scheme Y ¢ = gY"*! + (1 — ) Y™, the equation reads:

é (Y —y™) 40 [VY™ T (pu) — div (KVY™" ] == (1-0) [VY™ - (pu) — div (KVY™)]
+5; (@, ™) [Y™ 4 (1= 0) Y] + [Se(@, )" 7.
(1.3.11)

For numerical reasons, the system is solved in an iterative and incremental manner, with the help of
the series 5Yk":11 = Yknjll — Y"1 (with, by definition, Y7 = Y™). More theoretical details of such
an iterative process are given in §6.1.

3.2 Pressure-based velocity-pressure solver

The aim of this section is to describe how Navier Stokes equations are solved for an incompressible or
weakly compressible (dilatable or Low Mach algorithm) combined with an implicit Euler time stepping
or a second order Crank Nicolson time stepping.

The set of equations to be solved is

P22 4 T (pu) = div (o) — div (pR) + ST, — Ku+ pg +T (™ —u) |

8@t = = = = - (1.3.12)
P

- =T

5 Tdiv (o) =T,

where p is the density field, u is the velocity field to be solved, [ ST, — K u+pg | are sources terms (note
that K is expected to be a positive definite tensor), g is the stress tensor, composed of the viscous
tensor 7 and of the pressure field as follows

¢ = 1-PL,
T = 2uS+<m§u>tr(S)1, (1.3.13)
s = 5 (Tu+ )

where p is the dynamic molecular viscosity, x the volume viscosity (also called the second viscosity,
usually neglected in the code, excepted for compressible flows). S is called the strain rate and I" is an
eventual mass source term.

3.2.1 Segregated solver: SIMPLEC

A fractional step scheme is used to solve the mass and momentum equations (see Chorin [Cho68]).

The first step (predictor step) provides predicted velocity components: they are determined in a
coupled way solving a 3N X 3N system. The mass equation is taken into account during the
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second step (corrector step): a pressure Poisson equation is solved and the mass fluxes at the cell faces
are updated.

See the programmers reference of the dedicated subroutine for further details on the SIMPLEC solver.

Prediction step

In this section, a predicted velocity field @ is obtained by solving the momentum equation of (1.3.12)

u—u" ~n . ~n ~n T 2 ~n
Sy, tYE () = div |:(,Uz+ﬂt) (Vu oy (ly +9) — 5t (ly +9))]

convection

p

viscous term

— V[(P*)"] —div (pR"” +2urS”) + (p— po) g (1.3.14)

+ T(w"-u) — pKu +ST;+ST"™a
= p——

Mass source term  Head loss user source terms

For more details, see § M and N. The programmers reference of the dedicated subroutine can also be
helpful.

Correction step

The predicted velocity has a priori non-zero divergence. The second step corrects the pressure by
imposing the nullity! of the stationary constraint for the velocity computed at time instant t"+!. We
then solve:

(pu)"** — (pw)"*!

= —vépnt?
At - ’ (1.3.15)
div (pu)"*t =T,
where the pressure increment P is defined as:
§pntl = pntl _ pn-ito, (1.3.16)

Remark 3.2 The p and p quantities remain constant over the course of both steps. If there has been
any variation in the interval, their values will be modified at the start of the next time step, after the
scalars (temperature, mass fraction,...) have been updated.

For more details, see § M and O. The programmers reference of the dedicated subroutine can also be
helpful.

3.2.2 Variable density conservative solvers

Some flows such as those encountered in fire are natively unsteady. In addition, density varies with
mixture and temperature. Thus, the temporal variation of density in Navier-Stokes equation has to
be considered to get unsteady phenomena such as flame puffings. The SIMPLEC algorithm detailed
before rewrites for a variable density field:

e the prediction step solves the momentum equation with an explicit pressure:

ny __ ,n—1,n
% +div [T ® (pu)"] = —Vp" + divF + p"g. (1.3.17)

Lor the density time-variation is the corresponding algorithm is chosen.
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e the correction step computes the pressure increment dp"+t! = p"*t1 — p” used to correct the
velocity respecting mass balance equation:

nun+1 _ nay

P P gt
. At (1.3.18)
Pt —p" : nt1
AT + div (pu) =T
Combining the two equations of (I.3.18) leads to a Poisson equation on the pressure increment:
pn _ pn—l
div (—AtVop™t) =T — Qv (pu) (1.3.19)

3.2.3 Variable density semi-analytical solvers for fire modelling

The algorithm detailed in this section is not conservative, and is based on the state law for density.
The idea is to use an analytical expression for the total derivative of density, expressed in terms of the
solved variables involved in the state law and the total derivatives of these scalars, which are derived

dY
from their non conservative balance equations (pa =div (KVY) + Sy):
1dp 1= 9p dY,

N

1 Z dp

;E - ; ai}/pg == 7 7 le KVY ) + SYP] . (1320)
p:l :

These scalars have to be independent to avoid counting several times their effect on the mass accu-
mulation. One has also to bear in mind that the total derivatives are dependent of the state law for
density.

Therefore, the correction system (1.3.18) written in a non conservative form reads:

()" = (P) _  5ntn

W At (1.3.21)
& + div (pu)n+1 _ gn-i-l .Vp" =T,
and leads to a new equation for the pressure increment:
dp ~ .
a + div (pu) + div (—AtVep" ) —u" TVt =T (1.3.22)

Using the expression for the corrected velocity:

At

u't =g - —=vp"th (1.3.23)
pr
in equation (I.3.22) leads to:
At n n+1 : n+1 ~ d
p—an -Vop"tt — div (AtVop" ) =T+ u- Vp" — E — div (pu). (I.3.24)
Using some relationships between differential operators one obtains:
At At At
—Vp" - Vop"Tt = div <Vp"5p”+1> — op"Tldiv (Vp”), (1.3.25)
p" p p"
leads to a steady convection diffusion equation for the pressure increment:
At At d ~
div (wVpnép"H) —div (anp") Spntt —div (Atydp”'H) =I- d—': — pdiva (1.3.26)
—_———

- diffusion
convection

This equation is solved in two steps with dp = dp; + dpa to split it into a pure diffusive step (which is
the only remaining step when the density is constant) and a convective/diffusive step:
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1. the first step solves the following equation which is closed to the equation solved in the standard
algorithm,
d -
— div (AtVSpyt) =T — d—f — prdiv (1.3.27)

2. the second step solves the following steady convection diffusion equation (see §6.1):

At ) At /
—div (ﬂp“) op T+ div (nw”ép;“) — div (Atvops ™) =
’ Atp At (1.3.28)
div (p,ﬂp”) op Tt — div (anp”(Sp’fH)




Chapter 4

Space discretization
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4.1 Introduction
4.1.1 Definition and notations

Within the framework of the finite volume approach, the equations are integrated over each cell of
the mesh (or control volume ;). This section is limited to a brief description of the way 0!"-order,
convection, diffusion and gradient terms appearing in the equations are integrated using the budget
methodology. Specific attention is devoted to the calculation of gradients, since it is a major charac-
teristic of the co-located finite volume method (all the variables are associated with the same point,
namely the cell centre!).

Let Ngey; be the number of cells, then each discretized field Y has N.¢;; degrees of freedom, which are

denoted by Y;, i € [1, -+, Neey] given by definition by:
1
Y, = / YdqQ. 1.4.1)
ol Jo, (

As each discretized field Y is supposed to be linear in every single cell, Y; can be identified by the
value of the field in I, the cell center of €;:

Y, =Y, (1.4.2)

0'-order terms: Then, terms of order 0 (i.e. terms that are not space derivatives) are integrated
to introduce their average over the cell. For example, pg becomes [Q;| p;g. In this expression, |€2;| is
the measure of cell volume €; and p; denotes the average of p over the control volume (the cell) £,

applying (1.4.1).

Divergence operator—conservative gradient terms: The divergence terms (or fluz terms, or
again conservative terms) are integrated using the Green relation to introduce cell faces values so that
fluxes appear naturally. For example, a term such as div (YQ becomes?

/ div (Y1)dQ = ) Y58, (1.4.3)
Q;

fEF;
In expression (1.4.3), face values of the field Y appear. They are defined as:

1
Yy = —/YdS, (1.4.4)
151y Js
so that the relationship (I.4.3) is exact. As the field Y is linear over the face f, Yy can be associated
to the face centre F":

Yp =Y. (1.4.5)

In the following sections, faces F; are usually split into two categories: the interior faces f;; € Fi™
separating two neighbouring cells i and j; and the boundary faces f, € F£**. Outward (with respect
to the cell i) normals are respectively denoted S;; and S;,, which means that S;; is oriented from i
toward j.

Then Y is expressed as an average of the degree of freedom, which are for the interface f;; the value
of Y; and Y but also the gradients in these cells. The use of gradients to reach an higher order in
space is called reconstruction in the coming sections. The detailed computation of fQi div (Y;) dQ is
given in § 4.4.1.

IThe centre of a cell is a geometric point associated with the cell and located preferably inside the cell. Nevertheless,
the word centre shall not be taken literally, especially in the case of polyhedral cells that do not have a regular shape.

2in div <Y;>, Y might be the pressure field P, this term then corresponds to the pressure gradient in the momentum

equation.
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Convection operator—mass flux terms: Let us now focus on the convective term div (Y pu). This

Y
% will be treated together. As a matter of fact, if the field Y is

transported by the convective field pu, the balance of the quantity pY over a cell ¢ is written using

Leibniz theorem as:
d opY
el Y dQ = ——dQ You-dS
de </Q g ) o, Ot * /09 P e

= / oY +div (Ypu) d€Q,
Q;

term and the unsteady term

(1.4.6)

ot
the second line is obtained using Green relation.

Moreover, the unsteady and convection terms are usually written in a non-conservative form that is
in continuous formalism:

9(pY) _ oy
En =Py + VY - (pu) +T'Y. (1.4.7)

Note that for (I1.4.7) to hold, the continuity equation (I1.2.4) must be fulfilled. If (1.4.7) is required even
for discrete volumes, the convection term must be defined as:

+div (Ypu)

VY - (pu)dQ = div (Ypu)dQ —Y; [ div (pu)dQ,
= / Ypu-dS — Yz—/ pu-dsS, (L.4.8)
= Y (Y=Y (pw);- Sy,
feF:

the second line is obtained using once again Green relation. In formula (I1.4.8), one still has to express
the face value Y; and also the value of the mass flux (pu) Iz S £t all the available convective schemes
(upwind, centred, SOLU, etc.) are presented in § 4.2. Let rhy, be the outgoing mass flux from cell ¢
through the face f:

iy, = (pu)y - Sy, (1.4.9)

note that this convective flux is naturally defined at cell faces and thus is stored over there in the code.
In the following, the convection term is denoted as follows:

/ VY - (pu) d2 = Z Cy, (my,, Y), (1.4.10)
& FEF;
where Cy, (riy,, V) is defined by:
qu‘, (mf, Y) = (Yf — K)mfl (1411)

Laplacian operator—diffusive terms: Let us discretize the diffusive term div (KVY):

/div (KYY)dQ = > EK;V;V-S;, (1.4.12)
Q; feF:

where K is the face diffusivity, and VY is the face gradient, their computation will be detailed in
§ 4.3. In the following, the diffusive term is denoted as follows:
div (KVY)dQ = Y Dy, (KfY), (1.4.13)
Q
¢ fEF;

where the diffusive flux Dy, (K;Y') over the face f is defined by:
Dfi (Kf, Y) EKfny'ﬁfi' (1.4.14)
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Note that the diffusive flux D;; (Ky,;, Y) over the interior face f;; lost by the cell i is gained by j, in
other words:
Dij (Ky,;,Y) = —Dji (K, Y). (1.4.15)

Remark 4.1 The diffusion operator can be extended to anisotropic tensor diffusivity K.

More geometrical quantities: To end up the general description of the discretized operators, let us
introduce some geometrical quantities which will be used during the approximation process of linking
face fluxes to cell centred quantities. For consistency and to reach a higher order in space, the values
of the variables at points I’ and J’ have to be used. These points are respectively the projection of the
centres I and J along the orthogonal line to the interior face f;; passing through F'. When considering
a boundary face f3, I’ is defined as the projection of I on the normal to the boundary face f3 passing
through F'. All the geometrical definitions are recalled in Figure 1.4.1. Using Taylor series from the
values at I and J and from the cell gradient in the respective cells, one can write for any field Y

Y}I

12

i+ VY- I = Y, +VY-II,
(1.4.16)

Yy o~ Yy4+VY-JI = Y+ VY L

Note that for orthogonal meshes (where I’ = I for all faces of all cells), no reconstruction (1.4.16) is
needed, and therefore the distance |II’| measures the non-orthogonality of the mesh. The computation
of V.Y is presented in § 4.4.1 and § L.

Furthermore, the intersection between IJ and the corresponding interior face f;; is denoted by O. The
distance |OF| measures the offset of the mesh.

Eventually, a weighting factor a;; is defined to measure the distance of the cell center I to the face f;;
relatively to the other cell center J:
FJ
Qi = ——.
I/J/
Note that the distances I’J’ and F'J’ are defined algebraically, that is:

(1.4.17)

I'J-s,
|S]
LJ/ : ﬁij

|S;

’
Sy4]

rJy

)

(14.18)
FJ

and are supposed to be positive if the mesh is star-shaped. Note also that o;; is oriented from ¢ to j
and
o + oy = 1. (1419)

See the programmers reference of the dedicated subroutine for more informations on the convective
and diffusive terms in Code_Saturne.

4.2 Convective term

Using the notations adopted in § 4.1.1, the explicit budget corresponding to the integration over a cell
2; of the convective part V,Y - (pu) has been written as a sum of the numerical fluxes C;; (1,5, Y)
calculated at the interior faces, and the numerical fluxes Cjp, (rhyp, Y') calculated at the boundary faces
of the computational domain Q defined by Equation (I.4.11).

Note that Cyy, (s, Y') makes appear the boundary conditions of the field Y and are described in detail
in Chapter 5. The value of Y}, is expressed as follows:

Yy = A?b + B?bY[/. (1.4.20)
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(a) Internal face

Figure 1.4.1: Sketch of geometric entities.

(b) Boundary face

The value of the convective flux Cj; (m fiso Y) depends on the numerical scheme. Three different types
of convection schemes are available in Code_Saturne.

4.2.1 Upwind

For a 1%t-order upwind scheme, the convective flux reads:

with

4.2.2 Centred

upwind / - _ upwind .
Cij (i, Y) = (Yfij - Yz) Mg,

o Y, if hy; > 0,
qupwzn -
Y; if hy; < 0.

For a centred scheme, the convective flux reads:

with

centred (,: — centred .
Ci; (i, Y) = (Yfij - Yz‘) LTS

Yﬁintred — ainI/ + (1 — aij) YJ/.

Remark 4.2 We actually write

centred

f’ij

1
=Y+ (1 —aiy) Y + 5 V.Y +V,Y] - OF,

(L4.21)

(1.4.22)

(1.4.23)

(1.4.24)

(1.4.25)

which ensures the second-order discretization in space for Y. The factor % is used for numerical

stability reasons.

4.2.3 Second Order Linear Upwind (SOLU)

For a 2"%-order linear upwind scheme, the convective flux reads:

2Extrapolation of the upwind value at the faces centre.
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CEOM {1y, V) = (YEORV = Y7 ) iy, (1.4.26)
with
Y +V,Y - IF  ifr; >0,
Yt = (1.4.27)
Y; +Y,Y - JE if g < 0.
Cg)OLU

The boundary value of is calculated as:

Yi+ VY - IE  if g 2> 0,
Yfi‘OLU _ (1.4.28)

A?b + B?bY]/ if my;, < 0.

Remark 4.3 A slope test (which may introduce non-linearities in the convection operator) allows
to switch from the centred or SOLU scheme to the first-order upwind scheme (without blending).
Additionally, the default option to deal with Yy, is computed as a weighted average between the upstream
value and the centred value (blending), according to users’ choice.

4.3 Diffusive term

Using the notations adopted in § 4.1.1, the explicit budget corresponding to the integration over a cell
Q; of the diffusive term div (KVY) has been written as a sum of the numerical fluxes D;; (Ky,;, Y)
calculated at the internal faces, and the numerical fluxes Dy, (K, , Y) calculated at the boundary faces
of the computational domain €2 defined by Equation (1.4.14).

Note that Djy, (Ky,, Y) makes appear the diffusion boundary conditions of the field ¥ and are de-
scribed in detail in Chapter 5. The value of the flux Dy, of Yy, is expressed as follows:
Dy
1S]y,

= - (af,+ Bivr). (1.4.29)
The value of the diffusive flux D;; depends on the reconstruction of the field ¥ and also on the

interpolation at the face of the diffusivity K from the cell values. Two interpolations are available:

i/ a harmonic interpolation which reads:

KK;

K Jrarmeonic = 1.4.30
T aijKi + (1 - aij) K (1430
ii/ an arithmetic interpolation which reads:
arithmetic 1
Kgrihmetic = 5 (Ki+ K;) (1.4.31)

Note that to ensure flux continuity at the internal faces f;;, one should use the harmonic mean,
whereas the arithmetic mean is set as the default option because it has been proven to be more robust
numerically.

4.3.1 Without reconstruction

For a non-reconstructed field, the diffusive flux reads:

K|S,
Dé\;Rec (Kf Y) — fij ]|
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4.3.2 Reconstructed

For a reconstructed field, the diffusive flux reads:

ec Kfz §l
Dg' (K, Y) = _I]/J/j| (Y =Yy). (1.4.33)
Remark 4.4 In fact, it is actually written that
ec Kfz j ﬁz |
Dfe Ky, Y) = ——===(Y;i-Y))
. T B (1.4.34)
fij 1245 , ,
T 3 (WY +V)Y) (L' —JJ),

which ensures the second-order discretization in space for Y. The factor % is used for mumerical
stability reasons.

4.4 Gradient calculation

The aim of the present section is to describe the algorithms available in Code_Saturne to compute
cell gradient for scalar or vector fields. The first one uses an iterative process to handle with non-
orthogonalities. It is robust but requires computational effort. The second one, the least square
method, minimizes a function. It is quick, but less accurate.

For both methods, the adaptation to gradients of vectorial fields is also presented.

Please refer to the programmers reference of the dedicated subroutine for further details.

4.4.1 Standard method: iterative process

General description

(a) Internal face (b) Boundary face
Figure 1.4.2: Sketch of geometrical quantities.

Notations of the geometrical quantities are recalled in Figure 1.4.2. To compute the cell gradient V,Y
of the scalar field Y let us start by its definition:

€| VY = / VY dQ = Yds. (1.4.35)
Q; o0,
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In order to take the mesh non-orthogonality into account, a Taylor series (1%*-order) of VY is used as
follows:

Ty = [ wvae- ¥ vis,+ X vise

& figeFint freFeTt

= D YeS;+ ) YeSa
fig€Fit foeFe=t

= Z [Yo + VoY - OF|S;; + Z lesy A, + By, Y] Sip, (1.4.36)
fijeFint freFeet

= Y leyYi+ (-ag)V)lS,+ > |¥,V-0F|s,
fijeFint fijeFint

+ > lesyAyp, + B Y] Sa
fb€]:fl't

The variable €5y is set to 0 for an increment of a variable3, to 1 for the variable itself in order to take
correctly the boundary condition into account.

Using the following 1%¢-order in space approximation

Vi Y = % VY +V,;Y],
Y = Y1 +V,Y-II'.
Equation (1.4.36) becomes:
1|V, Y = Z [Oéini +(1— )Y + % (VY +V,;Y) - OF| S,
fij€Fimt

+ > lesyAp, + BpYi+ B Y,V - II'] Sy,
freFgTt

Bringing V,Y terms all together on the left hand side, we have:

1
1| VY — Z 521'3/ : (Ol@ﬁij) - Z By VY- (II'® S;,) = Z (Y + (1 — ) Y5)] S;j
figeFimt freFpet figeFint
1
fijeFint
+ Y [eovAp + BpYil S,

fo E]:f’”t
(14.37)

3 Then a homogeneous condition has to be imposed.
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Without reconstruction

On an orthogonal mesh, or if chosen, only 0?"-order contributions are considered. Everything is as if

II’ =0 and OF = 0 in the previous calculation:

| V,Y = /szQ: Z Yfzjﬁij+ Z Y5, S
i fijG}-f"t beff""t
= Y e Vi+(—ai))YiS;+ > lesvAy, + By Y1l Sy,
fijG}—f”t fbe]-'f“
hence
1
yNfeey — ] Yo leiYr+(L—ai)Yn)) S+ Y (eovAp, +BpY)Sy| . (14.38)
" LrgeFim freFeet

Remark 4.5 The non-reconstructed gradient is denoted by YfVReCY, and is then very easy to compute
thanks to the Equation (1.4.38). However, it is neither accurate nor consistent on a non-orthogonal
mesh.

Handling with reconstruction: iterative process
In order to solve system (1.4.37), all terms containing V,Y" are implicit, whereas all terms with VY

are explicit, we then use the series ((52§Y)k . defined by:
IS

VY = yNfeey,

(1.4.39)
SVItly = vitly - vy,
and the associated system is:
1
VI lIll= Y SOF®S;— Y Bpll®S,| = ) lagYi+(1-ay)Yy)S,
fijeFint foeFemt fijeFint
Lok
+ ) VY (0F®S,)
fijeffnt
+ > lesvAp + BpYil Sy,
freFgot
(1.4.40)

or, as the following relationship stands:

VY = VY + 6T,
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1
OTY 1= Y SOF®S;— Y Bpll'®Sy| = —[¥Y+ Y [(ayYi+(1-0)Y;)]S;,
fijeFimt foeFget fig€Fint
1
fig€Fint
+ Z [65YAfb + By, (Yi + VY- LI/H Sip-
foeFeet

(1.4.41)

The Equation (I.4.41) is a local 3 x 3 matrix which unknowns are each of the three components of the
vector 522”1}/. Finally, for each cell i we get:

62?1_1}/ Ci,a:x Ci@y Ci,xz Rﬁzl
5251;;1}/ ) Ozy;{‘ Ci,yy Oi7yz = Rf;l ) (1442)
525:;_1}/ Ci,zz Ci,zy Ci,zz Rijl
svi Y o R
with:
1
C, = Iul- Y. JO0F®@S;— Y, Bill'®s,,
fijeFint freFeet
R = VY 4+ Y [(aqYi+ (1 - 0)Y))] S,
. fueri™ (1.4.43)
k k
+ Z §(ZZY+ZJY>(@®§1])
fij€Fint
+ Y JevAn+ By (Vi WY - I1) | 8,
freFgmt

The invert of the matrix Qz is used to compute ((52’;“5/) and so (ZfHY). The iterative process
stops as soon as the Euclidean norm of the right-hand-side Ef“ tends toward zero (i.e. when the
Euclidean norm of (52?3/) tends to zero) or when the number of iterations reaches the maximal

number of iterations.

4.4.2 Standard method: iterative process for vectorial fields

In this section, the adaptation of the calculation presented in § 4.4.1 is adapted to vectorial fields. Some
minor modifications are required, especially for the boundary condition treatment, but the core of the
formulae are the very similar. The notations of the geometrical quantities are recalled in Figure 1.4.2.

The definition of liy reads:

Iﬂilz.yz/ Zydﬂ:/ v®ds. (1.4.44)
- . 09

7

The same Taylor series as (I.4.36) of V v is used:
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|Qi|liﬂ = szQ = Z Qf,ij ®§U + Z Uy, ®§ib7
o figeF{mt foeFemt
= D w®S;+ Y vp®Sy
fij e]:iint fbe]:iezt
Y lormeoress X [wdoen, wlose  qus
fij e]:iint fbe}‘iemt,
= Z [(Ozijyj +(1—- Oéij)yj)] ®§ij + Z |:lfijy : @} ®§ij
fig€Fi™t fij€Fint
+ Z [GJEAfb Jréfb ’QI/] ® Sip-

foeFeet

Once again, the variable €5, is set to 0 for an increment of a variable, to 1 for the variable itself in
order to take correctly the boundary condition into account.

The same 1%'-order in space approximation as in the scalar gradient calculation is used:

1
zfuy - 2 [EIQ+EJQ} ’
vp = vy +Vou- Il
Equation (I1.4.45) becomes:
1
UYp = > |y + (- o)y + 5 (E#*L@ ‘OF | ® 8,

fijeFint

foeFeot

Note that, there is no simple possibility here to bring Z# terms all together on the left hand side,
because the term B 5 (Z,y) -(II'® S;;) cannot be factorised easily, and thus will be explicit:
2\

1
|Qi‘ ZZ—Q - Z 5229 : (@(@ﬁ”) Z [(aijyi + (1 - Oéij)yj)] ®§ij

fis€Fimt fij€Fimt
1
+ Z §ljy'(0l®§ij)
fije]::nt
!/
+ X |+ By u]esat 3 B Te (88,
freFemt freFeet

(I.4.46)

Without reconstruction

Without reconstruction, the vectorial gradient reads:

1
NRec, __
li v = ‘Qz| Z [aijyl + (]- - aij)yj)] ®§” + Z (652Afb +§f& . 21) ®§1b . (1447)
figeFint foeFeTt
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Handling with reconstruction: iterative process

The series ((52’?@) is defined by:
—*7/ keN

Vv = YNy,

= = (1.4.48)
SVitty = Vity — Y,

A system similar to Equation (1.4.41) is obtained for each cell 4

SVt -0 = R (1.4.49)
with:
1 1
¢ = 1- 1] Z §@®§ij’
! fi EFint
1
k k
§i+1 = _Ziﬂ"‘r ‘Qz| Z [(O"ijyi +(1 _OQJ) )] ®§”
X 1f“€f5' (1.4.50)
top L 5 (ZerTe) (CEes,)
z fije]:;'nt
1
+ | | |:€6yAfb +§fb (Qi + zfﬂ . LII):| ®£ib'
Y peFent

Remark 4.6 Note that the matriz C, in (1.4.50) is not the same as in (1.4.43). First of all, there is
no boundary term and thus its invert t has not to be recomputed at each iteration (except if the mesh is
modified). This matriz thus only measures the quality of the mesh (if the mesh is orthogonal, C’ =1
for all cells). Secondly, this matriz is dimensionless, whereas in (1.4.43) C., has the dimension of a
volume. This choice has been motivated to minimize truncature errors.

4.4.3 Least-square method

Notations of the geometrical quantities are recalled in Figure 1.4.2. The aim of the present algorithm
is to compute the cell gradient V,Y of the scalar field Y using a least square method. The idea is to
evaluate the gradient of the variable at the cell faces using the value of the gradient at the cell centres.
The method is supposed to be not as robust as the iterative process presented in § 4.4.1, but much
more efficient.

Let introduce VY -d;; an estimation at the internal face f;; of the gradient projected in the direction
d;; (which will be chosen afterwards). Let also define the analogous quantity for boundary faces f:
VY -dy (d;, will also be chosen afterwards).

The goal would be to find V,Y such that, for all faces the following relationships hold:

Vi¥-diy = ¥y, V- dij,

(1.4.51)
V,Y-d, = szy'dib'

The previous equality is generally not reachable for all the faces, so the problem is reformulated as the
minimisation of the F; function:

Fi(v) = % > [y dy; =V Y -dij]z e ST [uedy - Y,Y - dy)”, (1.4.52)

jENeigh(i) freFeat
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where j € Neigh (i) is the neighbouring of the cell . By default, the neighbouring is composed of cells
which share at least a face with ¢. But extended neighbouring can be used.

To minimize JF;, derivatives with respect to the components of the vector v are computed, the resulting

system is solved and V.Y is defined as v,,;, such that F; (v,;,) is minimum.
In order to solve the systems for each cell i separately from one to an other, vectors d,; and d;;, are
chosen so that the quantities Zfin . dij and ybe - d;;, do not depend on neighbouring cell gradients

V,Y. The following choice makes it possible:

1J
dij = ﬁ7

|LJ| (1.4.53)
4o LE
Zib - |E‘ — L%

Thus, for internal faces f;;, d;; is the normalized vector joining the centres I and J oriented from cell

i to j. The quantity Yfin ~d;; is given by:
Y;

Y, —
Y.d. =21 __"* 1.4.54
zfij =ij |LJ]| ( )
For boundary faces, the choice d;;, to be the outward normal implies:
Yf — Y[/
Vi, Y ody = 7[,@' : (L4.55)

where Y}, is expressed thanks to the boundary conditions (see Chapter 5) and the value Y} is given
by formula (I1.4.16) recalled hereafter:

Yo = Yi+WY-II
(1.4.56)
Vi, = A+ ByYi = A} + B, (Y + T - II)
Eventually we get:
A9, + (BY, —1) (i + Y, - 1I)
V.Y -dy= (1.4.57)

[I'F| ’

Equation (I.4.57) makes appear a term in V.Y and thus should be injected into Equation (I1.4.52)
before deriving it. Thus (I.4.52) becomes:

1 2
F@ o= 5 X 0 dy ¥y, Y -y
jENeigh(i) ) (I 4 58)
1 BY 1 A5+ (B, -1)Y, h
+ o5 Y o (dy - eI -
2 2 I'F IF
 EFent

Then we cancel the derivatives of F; (v) with respect to the v components:

OF;
e (v) = Z {(Q'dij) d;; — (Zfijy'dij) dij:|
- jENeigh(i)
BY —1 BY —1 A% +(BY, —1)Y; g _q
+ Z v- dib_fbil diy, — T 11" - ! ( d ) dy, — T 11
= I 123 123 T
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OF;
A 3 x 3 system for each cell 7 is got by writing

o2 (V;Y) =
VY -C. =R, (1.4.60)
with
B — BY —1
gl = Z dZJ ® d'LJ + Z (”’ ’ H) <d1b - fb/ II’) )
JENeigh(i) fyeFeat |I F |I'F| -,
Z Z A?b—’_(B?b_l)}/; Bg—l , (1.4.61)
R = (zfuy ' dij) dij + 7 dy — =77 1L |,
jENeigh(d) ‘ focFent [I'E| \Q\
using (I1.4.53) this gives:
IJ®I1J By -1 BY -1
Qi = Z 7 + Z <”ib - ‘I’F‘ II' | ® Ny — |J}b/F| iy,
jENeigh(z) |7| foeFert 1"F
g g (1.4.62)
1J Afb + (be - 1) Y B?b —1 ,
Bo= 2 MimYigget b ['F] 2 = gy L
jENeigh(z) |—| freFeat = FAF AR

Remark 4.7 i/ Note that the 3 x 3 C, tensor is symmetric.

i1/ For cells i having at least a boundary face f,, the tensor C must be recomputed at each time
step, for the other, the tensor C only have to be recomputed “when the mesh is updated (in ALE
for instance).

iti/ If the user chooses not to reconstruct the gradients (which introduces a lack of consistency on
non-orthogonal meshes), then the gradient is computed thanks to formula (1.4.38).

iv/ For highly non-orthogonal meshes, an extended support* can be used (see different support in
Figure 1.4.3) and can drastically improve the results when using tetrahedral meshes.

4.4.4 Least-square method for vectorial fields

In this section, the adaptation of the calculation presented in § 4.4.3 is adapted to vectorial fields. Some
minor modifications are required, especially for the boundary condition treatment, but the core of the
formulae are the very similar. The notations of the geometrical quantities are recalled in Figure 1.4.2.

The functional to be minimized is defined by

1 2
Fi (Q = 9 Z ‘£ : dij - lfijﬂ : dij + 5 Z ‘E “dyy, — lbe “di| (1.4.63)

jENeigh(i) freFeat

To minimize F;, derivatives with respect to the components of the vector ¢ are computed, the resulting

system is solved and liy is defined as Lo such that F; (Emin) is minimum.

In order to obtain a simple system, the same choice as in (1.4.53) is made on d;;. Concerning d;;,, an
other choice ensuring that VY - d;;, does not depend on V,Y" is made:

I
dij = %7

2] (1.4.64)
. IE
Zib T ‘E| .

4 the support is the set of neighbouring cells used in the cell gradient computation.
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- o Support actuel
Support etendu

~

Cellule courante : I

Figure 1.4.3: Available supports for computing the gradient with the least square method.

Thus, for internal faces f;;, d;; is still the normalized vector joining the centres I and .J oriented from
cell ¢ to j. The quantity Vf‘ v-d;; s given by:
ij

V ov.d =2 Y 1.4.65
Y, 0y = A (1.4.65)

For boundary faces, the choice d,; implies:

V. u-dy =Y (1.4.66)
=f,— —ib |[F| ~

where v, is expressed thanks to the boundary conditions (see Chapter 5).

Then we cancel the derivatives of F; (Q with respect to the ¢ components:

0F;
A 3 x 3 system for each cell i is got by writing 8—}; (Eﬂ) =0:
Vv-C =R, (1.4.67)
with
g, = Z dij ®d;; + Z Ay @ dy,
jENeigh(i) freFewt
A?“b n (é?b 7 %) v, (1.4.68)
R = _ Z _ V, v (di; ® dy;) + Z IF] ® dyp,-
jENeigh(z) freFeat

Remark 4.8 Note that the 3 x 3 gi tensor is slightly different from (1.4.60) and does not depend on
boundary condition coefficients (and thus does not require re-computation if the mesh is not modified).
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4.5 Advanced topic
4.5.1 Rhie & Chow filter

Please refer to the programmers reference of the dedicated keyword arak.

4.5.2 Handling of the hydrostatic pressure

Please refer to the programmers reference of the dedicated keyword iphydr.

4.5.3 Pressure extrapolation at the boundaries

Please refer to the programmers reference of the dedicated keyword extrag.



./doxygen/src/structcs__stokes__model__t.html#arak
./doxygen/src/structcs__stokes__model__t.html#iphydr
./doxygen/src/structcs__var__cal__opt__t.html#extrag

Chapter 5

Boundary conditions
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5.1 Introduction
Boundary conditions are required in at least three main cases:

e calculation of the convection terms (first order derivative in space) at the boundary: the code
uses a mass flux at the boundary and requires the value of the convected variable when the flow
is entering into the domain (or more general wave relations in the sense of the characteristic
curves of the system entering the domain);

e calculation of the diffusion terms (second order derivative in space): the code needs a method to
determine the value of the first order spatial derivatives at the boundary, these define e.g. the
stresses or the thermal fluxes at the wall;

e calculation of the cell gradients: the variables at the boundary faces allow the code to define the
gradient inside the cell connected to the boundary (e.g. the pressure gradient or the transpose
gradient terms in the stress-strain relation).

These considerations only concern the computational field variables (velocity, pressure, Reynolds ten-
sor, scalars solution of a advection-diffusion equations etc.). For these variables !, the user has to
define the boundary conditions at every boundary face.

The boundary conditions could be of Neumann type (when the flux is imposed) or Dirichlet type (when
the value of the field variable is prescribed), or mixed type, also called Robin type (when a combination
linking the field variable to its derivative flux is imposed).

The code (see the programmers reference of the dedicated subroutine) transforms the boundary con-
ditions provided by the user into two internal formats of representation of the boundary conditions.

A particular treatment is performed on walls: wall functions are used to model the boundary layer
flow in the vicinity of the wall when the mesh is too coarse to correctly capture the sharp variations
of the fields with a linear profile in the near wall cell. This will be detailed in the next sections.

A particular treatment on symmetry boundaries is also performed for vectors and tensors whereas a
symmetry boundary is equivalent to an homogeneous Neumann condition (zero normal gradient) for
scalar fields.

The physics model that the user wishes to apply needs to be translated into pairs of coefficients entering
the linear system of equations that the code will solve. For any variable Y for every boundary faces
f» these coefficients are:

° (Aftb, B?b) used by the gradient operator and by the advection operator. The value at the
boundary face f; of the variable Y is then defined as:

be = A?b + B?bY[/. (151)

° (Asz Bsz) used by the diffusion operator. The value at the boundary face f; of the diffusive flux

@ip of the variable Y is then defined as (see Equation (1.4.29)):
Diy (K, Y
1S]y,
Note that the diffusive boundary coefficients are oriented, which means that they are such that
if Dy (Ky,, Y) is positive, this flux is gained by Y;.

The definitions are recalled on Figure 1.5.1.

I The other variables (the physical properties for instance) have a different treatment which will not be detailed here
(for instance, for the density, the user defines directly the values at the boundary. This information is then stored; one
is referred to cs_user_physical_properties (see the programmers reference of the dedicated subroutine) or phyvar for
more information).
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Bord du domaine de calcul

Sp
Domaine de calcul \
I 9 n normale sortante
: - de norme 1
I F
y A\ / §\\ ™
fI ’ int \’;.\;. ‘ j;'mp, ext

Coefficients d’echange

h,
int

"y

Figure 1.5.1: Boundary cell.

Example 5.1 The heat flux q,, from a solid wall to a laminar flow is defined and discretised as

Ty =T
G = AVT ng = —A% = —hint (T — Tr), (15.3)

where hiny /I'F is the exchange coefficient between the wall and the fluid point I'.

o [f the wall temperature T, is known, Tp = T, is set as Dirichlet condition, q,, will be a result of
the simulation, and the gradient and diffusive fluz coefficients are as follows:

AL = T, Al = —hinTw,
To ’ (L5.4)

I _ o
BY = 0, BL = hin.

o If the wall heat flux q, is known, this is a Neumann condition and Tr = T, will be a result of
the simulation and the gradient and diffusive flux coefficients are as follows:

A = - ) Af = Quw;
f in ”’ (L5.5)

!
B, 0.

|
-

B,
5.2 Standard user boundary conditions

The user generally gives standard boundary conditions, which are:

Inlet: it corresponds to a Dirichlet boundary condition on all the transported variables (and should
therefore be given by the user) and to a homogeneous Neumann on the pressure field.
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Outlet: it correspond to a homogeneous Neumann boundary condition on all the transported vari-
2P

ables. For the pressure field, a Dirichlet boundary condition which is expected to mimic 5 = 0
noT

for any vector T parallel to the outlet face (see §5.4.4 for more details). This condition means

that the pressure profile does not vary in the normal direction of the outlet. Warning: if the
outgoing mass-flux is negative, i.e. if the outlet becomes an inlet, then the mass-flux is clipped
to zero. Moreover, since the pressure field is defined up to a constant, it is fixed to a reference
pressure Py at an arbitrary chosen outlet boundary face. The user can choose an other desired
face where a Dirichlet on pressure is prescribed.

Free inlet/outlet: it corresponds to the standard outlet when the flow is outgoing (see §5.4.4), but
to a free inlet when the flow is ingoing. The Bernoulli relationship is used to derive a boundary
condition on the pressure increment to couple velocity and pressure at these free inlet faces. Note
that no clipping on the velocity is imposed. The same boundary conditions as for outlet on the
other variables is imposed. For more details please refer to §5.4.5.

Walls: This particular treatment will be detailed in the following sections. For the velocity, the aim
is to transform the Dirichlet boundary condition (the velocity at the wall is equal to zero, or the
velocity of a moving wall) into a Neumann boundary condition where the wall shear stress is
imposed function of the local flow velocity and the turbulence characteristics. A similar treatment
using wall functions is done on every transported variable if this variable is prescribed. The
boundary condition on the pressure field is a homogeneous Neumann by default, or alternatively
an extrapolation of the gradient.

Symmetries: This condition corresponds to a homogeneous Neumann for the scalar fields (e.g. the
pressure field or the temperature field). For vectors, such as the velocity, it corresponds to impose
a zero Dirichlet on the component normal to the boundary, and a homogeneous Neumann on
the tangential components. Thus, this condition couples the vector components if the symmetry
faces are not aligned with the reference frame. The boundary condition for tensors, such as the
Reynolds stresses, will be detailed in the following sections.

See the programmers reference of the dedicated subroutine for further details.

5.3 Internal coding of the boundary conditions — Discretiza-
tion

As already mentioned, the boundary conditions set by the user for the variable Y are translated into

two pairs of coefficients (A?b, B?b) which are used by the gradient operator and by the advection

operator, and (A{b, Bf;) for use by the diffusion operator, this for all the boundary faces f3.

Let us first recall the general form of the transport equation of a variable Y, which could be a scalar,
a vector or a tensor:

Y
C,O% + CVY - (pu) =div (KVY) + STy. (1.5.6)

In the Equation (1.5.6) p is the density of the fluid, (pu) the convective mass flux of the variable Y, K
its conductivity or diffusivity and S any additional source terms. Note that K is the sum of molecular
and turbulent diffusivity in case of RANS modelling with an eddy viscosity model. The dimension of
K for different variables is displayed in Table 5.1. The value of C' is 1 for all the variables except for
the temperature where C is the specific heat C),. If the variable Y is the variance of another scalar,
then its diffusivity is deduced from the scalar itself.

5.3.1 Basic Dirichlet boundary conditions

Imposing a basic Dirichlet condition Y;‘an on a boundary face f; is translated into:
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Y K

symbol | name units symbol name units
Ui velocity m.s ! por p+ pt | dynamic viscosity kg.m~1l.s71!

pressure kgm™t.s72|| At time step s

temperature | K A thermal conductivity kg.m‘s_:;.K_l

=Wm lLK™!
h enthalpy m2.s72 A/ Cp thermal conductivity over specific heat | kg.m~!.s7!
= Jkg !

Y variable unit of (V) K conductivity or diffusivity kg.m~t.s!

Table 5.1: Definitions and units of K for the most common equations.

AS = Y Al = —h Y,
T ’ To (L5.7)
Bj = 0, Bl = hint.

The term h;,; is a internal coding coefficient (automatically provided by the code) similar to an
exchange coefficient. Its value for particular variables is given in Table 5.2.

Remark 5.1 Y;Z”p must be specified by the user. The boundary type code is 1 (see Table 5.3).

5.3.2 Neumann boundary conditions

Imposing a Neumann condition ngnp on a boundary face f; is translated into

A9 = B Al = Dpimp
. rin * ’b (L5.8)
g _ I—

B, 1, B, 0.

Remark 5.2 D%np must be specified by the user. The boundary type code is 3 (see Table 5.3).

5.3.3 Mixed or Robin boundary conditions

As explained in the introduction 5.1, the simple case of a heat flux ¢,, from a solid wall reads: g, =
Ty — T, A
AVT n, = —)\% = —hint (T — Tr) where hjp = a3 is displayed in Table 5.2. As presented
in § 5.3.1, Dirichlet condition T = T, simply leads to Af = —h;,;T,, and Bf = h;p,. In some
cases, heat transfer outside the flow domain is described by a one-dimensional conduction equation
q = —hezt (TRer — Ty) in which some reference temperature Trrr is given and the coefficient heys is
known from an analytical or experimental correlation. Equaling this to the heat flux computed in the
first fluid cell at the boundary gives heyt (TrEF — Tw) = hint (T — Tr). This relation between the

variable and its gradient at the boundary is called a Robin or mixed boundary condition.

More generally, to impose an external Dirichlet Y?"P ¢* at some distance outside the boundary face,
this is done by a user prescribed external coefficient hey+ (see Figure 1.5.1), and the boundary condition
coefficients then read:
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hemt

A9 — __rext  yimp, ext’ Af = —h, yimp, ext
Fo hznth+ hea:t i I , (159)
By = M Bl = he
Fo hint + hemt ’ i v
. hz’ntheact . . .
where heq is defined by hey = I — The harmonic mean (as in (1.4.30)) comes from summing
int ext

of resistances instead of conductances. Note that this case reduces to Dirichlet condition if h.,: tends
to the infinity.

Remark 5.3 Both Y™ ¢t qnd h.,, must be specified by the user. The boundary code is 1 (see
Table 5.3). Take care that an outgoing fluz is counted positively.

5.3.4 Convective outlet boundary conditions

If the user wishes to impose a convective outlet (also called radiative outlet) condition which reads:
)¢ )4
i bl
ot * on

where C' denotes the convective celerity, then the internal coding reads:

0, (1.5.10)

1 h;
A = Y] Al = ——2_yp
I 1+ CFL b 1+CFL /¥ (L5.11)
e _ _CFL Bl _ Rint
fo 1+ CFL’ ib 1+ CFL’
where CFL = Cﬁt
IF

Remark 5.4 Both C and Y7 must be specified by the user, the boundary code is 2 (see Table 5.3).

5.4 Wall boundary conditions

This section is dedicated to wall boundary conditions for the velocity, and any transported scalar (such
as the temperature, the enthalpy, etc.) when a wall boundary value is prescribed and a wall function is
set by the user. The dedicated boundary conditions of the turbulent variables (k, €, R;;) are detailed
in Chapter 7. Here is a link to the programmers reference of the dedicated subroutine.

Simplified balance analysis proves that the fluid velocity profile or the Temperature profile are highly
non-linear for turbulent flows in the vicinity of walls.

The aim of wall functions is to model the vicinity of the wall by substituting the Dirichlet condition on
the fluid velocity and on the scalars such as the temperature (u;, = Vyau, T, = Twan Where v, is
the velocity of the wall and T,y is the temperature of the wall) by a Robin-type boundary condition
linking the wall shear stress to the velocity of the fluid, and the thermal wall flux to the temperature
within the first cell.

5.4.1 Velocity boundary condition for smooth walls and rough walls

We assume it is projected onto the tangent plane to the wall (if it is not, then the code projects it).
The fluid velocity in the reference frame attached to the wall ("relative” velocity) projected to the wall
writes uj, = (1—n®n) - (uy — Vyan)-

The orthonormal coordinate system attached to the wall writes R = (t, —n, b):
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Y h'mt
symbol | name units homogeneous to | units
. 1 M+ 2 -1
u velocity m.s i3 kgm™<.s
At
_ —92 —1
P pressure kg.m=t.s 7 s.m
A+ C, .
T temperature | K At Cppu/or kg.s 3. K1
I'F
Wm=2. K1
A+ C,
h enthalpy m2.s2 M kg.m=2.s71
I'r
Jkg™!
Y 1 it of(Y K k 2571
scalar unit of(Y) I3 g.m~2.s
Y Dim.p
symbol | name units homogeneous to units
U velocity m.s~! ((t+ pe) Vu) - n kg.m~1.s2
D pressure kgm=1.s72 || (AtVP) - n kgm=2.s71
T temperature | K (AN Cput/o)VT) -n | kg.s™?
W.m =2
h enthalpy m2.s72 (A Cp+ ui/o)VH) -n|kg.s™>
Jkg™! W.m =2
Y scalar unit of (Y) || KVY -n kg.m=2.s71. unit of (V)

Table 5.2: Definitions and units of hjn: and D™P for the most common equations.
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up

ot = is the unit vector parallel to the projection of the relative velocity at I’, u},, in the

|ug |
plane tangent to the wall (i.e. orthogonal to n),

e —n is the unit vector orthogonal to the wall and directed towards the interior of the computational
domain,

e ) is the unit vector which completes the positively oriented coordinate system.

In this reference-frame the wall distance of the cell centre to the wall I’ F' is denoted by y.

The objective of wall functions is to increase the exchange coefficient to reflect the higher level of mixing
effectively taking place in the near wall cell due to turbulence and due to effectively much sharper
gradients of the computed variable than the linear profile assumed inside each cell by Finite Volumes
discretisation. The end result (Cf (1.5.27)) will be to correct the laminar coefficient, h;n,: = A/y, by a
dimensionless analytical function (a "wall function”) u™ that represents the realistic non-linear profile.
The correction is moreover proportional to the cell centre to wall dimensionless distance, y*+, over
which a linear profile assumption may or may not be appropriate. These functions u™ and y* that
depends on the level of turbulent kinetic energy, are made dimensionless by:

e cither the wall shear stress 7,4, only (this is called ”one scale friction velocity” wall function),

e or by the wall shear stress 7,4 and the turbulent kinetic energy (this is called ”two friction
velocity scales”).

When the mesh is made fine enough to capture the sharp variations of the variables near the wall,
wall functions are no longer needed, variables are simply given Dirichlet values at the wall and the
laminar exchange coefficient is correct. However the more basic versions of the turbulence models
("high Reynolds” k — € or Reynolds stress transport) will not be able to automatically ”relaminarise”
(i.e. reduce the turbulent mixing effect to zero at the correct rate of decay as y tends toward 0) and
erroneous predictions will result (generally too much friction or heat transfer). When using a refined
near wall mesh, "down to the wall” or ”low Reynolds” versions of the turbulence models must be
selected (e.g. v2 — f or elliptic blending models). However in this case one must make sure the mesh
is fine enough.

To allow use of standard high Reynolds models whatever the mesh density, ”scalable wall functions”
can be activated. This consist in shifting slightly the wall outside of the mesh if the first cell lies in the
viscous sub-layer. ”Scalable wall function” only work with the ”two friction velocity scales” version.

The wall functions are usually derived from Eddy Viscosity Models such as k — €, thus the coming

2
sections assume that R = gk; - 2VT§D.

One friction velocity scale

The simplified momentum balance in the first boundary cell reads:

ou
) 2 =, 1.5.12
(M :uT) &y Twall ( 5 )

Let u* be the friction velocity defined by:

Twall
ot =, el 1.5.13

+
<1 + “T) ou” (L5.14)

the equation (I.5.12) can be rewritten:
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where vt = |u},| /u* and yT = yu*/v.
oul,

The mixing length model states v = L2, S, where the stain rate S reduces to By

in the wall vicinity.

The mixing length is proportional to the wall distance according to the Prandtl model

L, = RY,

where k = 0.42 is the Karman constant.

(L5.15)

Two areas are therefore defined, one where ur/p < 1 called the viscous sub-layer where pr/u is

neglected in (I1.5.14) the velocity profile is found to be linear:
ut =y,
the other where #TT > 1 and the velocity profile becomes logarithmic:
ut = %ln (y") + Clog:

where Cjog = 5.2.

(1.5.16)

(15.17)

(1.5.16) is valid for y™ < 5 and (1.5.17) for y* > 30 so there is a gap (corresponding to the so called
buffer layer) which more sophisticated models can cover, but they are not detailed here. Instead
we introduce a dimensionless limit distance which crudely separates the viscous sub-layer from the
logarithmic region writes yltm Its value is 1/k in general (to ensure the continuity of the velocity

gradient) and 10.88 in LES (to ensure the continuity of the velocity).
The u* is computed by iteratively solving(I.5.16) or (I.5.17):

u* — |Q;’| v
V. Y
v
W)’ = exp (—KClog) "
() = K luh |+ (ur)? otherwise solve iteratively in ¢
= — .
In (y(z ) ) + £Clog + 1

Therefore, the value of Z—i in the two layers reads:

+

— ot <t
e 1 ify™ <wyr.,
+ +
Y= Y otherwise.
u+

1
—In(y* Cio
nn(y )+ log

Two friction velocity scales

o lyupl o 4o
if lim?

(L5.18)

(15.19)

The simplified momentum balance (1.5.12) still holds, but is non-dimensioned not only by the wall
shear stress but also the turbulent kinetic energy. More precisely, let ui = 4/+/C.k be the friction

velocity based on the turbulent kinetic energy in the first cell.

This definition is in fact valid only for high-y™ values and a blending is performed in case of the

intensity of turbulence is very low:

ukE\/gyh;I/I‘f'(l—g)vCuk,

(1.5.20)




Code_Saturne

EDF R&D Code_Saturne 5.2.1 Theory Guide documentation
Page 53/430

where g is a blending factor defined by g = exp (—{fj) (see []).

The friction velocity v* is now defined by:

ur = Twall (I.5.21)
PUK
Equation (I1.5.12) can now be rewritten:
Out
QI B (L5.22)
+
) Oy
where ut = Euﬂ' but y,j = Bk,
3 3

1 3 k2 3 k2
Let us now remark that vy = C} \/EC,;‘ — = uyL,, where L,, = C; — is the integral length scale.
€ €
Again using the Prandtl model (1.5.15), the following equation is obtained:

+

)
(1+ ry}") azy% =1 (1.5.23)
k

The two areas defined in the previous section (I1.5.19) that are the viscous sub-layer and the logarithmic
layer still hold, but with y,j instead of yT:

+
I _ iyt < ot
i 1 if yr <y,

+ + 1.5.24
I = Y therwise. ( )
u+

1
; In (y]j) + Clog

Rough wall functions

+

When specifying a rough wall function with 2z as roughness, the value of L: reads:
+ +
ZT = < +yz . (L5.25)
—1 <y 0) + Clog
K Z0
Wall shear stress with wall functions
The previous sections can be summarized as follows:
poyt
Tn=mm= c(l-non) - (u - tyu) (1.5.26)

where the rescaling factor Z—: depends on the wall function is given in (I.5.19) or (I1.5.24). Note that
the wall shear stress is therefore parallel to the wall and fully implicit if the #-scheme on the velocity
is implicit.

The internal pair of boundary condition coefficient for the diffusive term for the velocity are

Alf = _hfh”d l —n®n)- Uyatl — hint (ﬂ : Qwall) n,
b . ) (1.5.27)
égb = hfIUid (é —n® ﬂ) + hintﬂ ®n,
where
poyt
hftuia = === (L5.28)

TFut’
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Velocity gradient boundary condition with wall functions

The gradient of the fluid velocity is of great importance for turbulence models as it appears in the
production term. Moreover the profile of dissipation is even less linear than u™ (it is hyperbolic) and
would also require a wall function. A common correction in open literature is to directly modify these
source term in the near wall cell volume integral. However this deeply modifies the code structure
and the linear system solver. In order to implement this while still remaining within the standard
boundary condition structure, ther current code version follows the suggestion of [BM00] which consists
in prescribing a slip velocity at the wall so that the velocity gradient evaluated inside the cell by the
standard Finite Volumes linear profile is more consistent with wall function.

A dedicated boundary condition for the velocity gradient is therefore derived in presence of wall
function to be consistent with the logarithmic law giving the ideal tangential velocity profile.

On the first hand, the theoretical gradient is:

u” theo u*
= — (1.5.29)
oy ) KY
On the other hand, the normal finite volumes gradient of the tangential velocity reduces in the case of
a regular orthogonal mesh (see notations in Figure 1.5.2):

T r
Uy + Uy T

r\ calc ro__ .7 — —up
Ou e (1.5.30)
oy )1 2y 2y

Bord du domaine de calcul

N

Domaine de calcul

n

normale sortante
de norme 1

Figure 1.5.2: Boundary cell - Orthogonal mesh.

We then assume that u”; can be obtained from u} and from the gradient of u” calculated in G from
*

the logarithmic law u’; = u} + 2y : ” and we thus obtain equalizing (1.5.29) and (1.5.30) (the formula

is extended without any precaution to non-orthogonal meshes):
3u*

up =up — or (I.5.31)

The normal derivative at the wall is prescribed to zero. If the value obtained for y* at the wall is lower
than y;gm, a no-slip condition is prescribed. Finally, one can also make explicit the velocity of the wall
in the final expression: The internal pair of boundary condition coefficient for the diffusive term for
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the velocity are

Ay = (L—cofimp) (L—n®n)  wyay + Uy - 1) 1,
= (L5.32)

where cofimp =1 —

St if y* > y; . and cofimp = 0 otherwise.

5.4.2 Scalar boundary condition for smooth walls

In this section, the wall functions applied to transported scalars Y (such as the temperature T for
instance) are described. The reference ”Convection Heat Transfer”, Vedat S. Arpaci and Poul S.
Larsen, Prentice-Hall, Inc was used. The approach is really similar to what is performed on the fluid
velocity:

e if the wall value Yy, is imposed, the Dirichlet boundary condition is substituted by a Robin-type
one where the diffusive flux is function of the cell centre scalar value,

e if a Neumann value is imposed (that is to say that the user has prescribed the flux of Y'), then
the wall function is used to evaluate the corresponding wall value Y, which is displayed by the
code.

Let us recall that g; (Ky,, Y) is the wall diffusive flux for the scalar Y, and the simplified scalar
balance reads:

oYy
aiv (Ky,, Y) = — (be + Cl:_z:) 872/ (1.5.33)

Remark 5.5 the flux is positive if it enters the fluid domain, as shown by the orientation of the y

axis

The following considerations are presented using the general notations. In particular, the Prandtl-

c
Schmidt number writes o = % When the considered scalar Y is the temperature 7', we have

o C = C, (specific heat capacity),
e K = )\ (molecular conductivity),
1Cy
A
or = Prr (turbulent Prandtl number),

qib = %f“ﬂ = ()\ + CPNT) or (flux in W.m™2).
|7|fb or Ay

e hence, 0 = = Pr (Prandtl number),

In order to make (1.5.33) dimensionless, we introduce Y* defined using the flux at the boundary g;s:

* qib
Y =- 1.5.34
SCun ( )
For the temperature, we thus have:
*x _ qib
T = _ 1.5.35
o (15.35)

We then divide both sides of equation (1.5.33) by ¢;, and after some algebrae it comes:

1 1 vr 8Y+
l=(—-—"4+—— ) =—— L5.
<0‘+0‘T u>0y+ (15.36)
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where v_ v
v=F vp = 2L yt = Y+: wall

; ; - o (L5.37)

5.4.3 The three layers wall function of Arpaci and Larsen

In order to compute the theoretical scalar profile, we integrate equation (1.5.36) to obtain Y]‘f'. The
1 1
only difficulty then consists in prescribing a variation law of K = — + —
g or vV
In the fully developed turbulent region (far enough from the wall, for y* > yg' ), a mixing length
hypothesis models the variations of vy:
vr = Ky ug (1.5.38)

Additionally, the molecular diffusion of Y (or the conduction when Y represents the temperature) is

1 1 v

negligible compared to its turbulent diffusion: therefore we neglect — compared to — T Finally we
g or vV

have:

K=" (15.39)

On the contrary, in the near-wall region (for y < yf ) the turbulent contribution becomes negligible

1 v 1
compared to the molecular contribution and we thus neglect -z compared to —.
or vV g

It would be possible to restrict ourselves to these two regions, but Arpaci and Larsen suggest the
model can be improved by introducing an intermediate region (y;” < y* < y5 ) in which the following
hypothesis is made:

vr 3
— = (y+) (1.5.40)

where a7 is a constant whose value is obtained from experimental correlations:

or
= IT 1.5.41
= 7000 ( )

Thus the following model is used for K (see a sketch in Figure 1.5.3):

1
- if y© <y
g
1 +\3
k=4 1yaW) v oy (1.5.42)
g ar
+
=2 if y3 <yt
ar

The values of yl+ and y; are obtained by calculating the intersection points of the variations laws used
for IC.

The existence of an intermediate region depends upon the values of o. Let’s first consider the case
where o cannot be neglected compared to 1. In practise we consider o > 0,1 (this is the common
case when scalar Y represents the air or the water temperature in normal temperature and pressure
ai(y+)?
ar

1
1000\ # 1000%
Y = () s =/ (1.5.43)
g ar

1
conditions). It is assumed that — can be neglected compared to in the intermediate region.
o

‘We thus obtain:
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Figure 1.5.3: % + éVTT as a function of y* obtained for 0 = 1 and o = 1.

The dimensionless equation (I1.5.36) is integrated under the same hypothesis and we obtain the law of
+

y_.
Y+
+
Y 1 .
yF= o if y* <y
+ +
Y Yy ot < ot < ot
—=—"-—7— ify] <yT <y
Yt oo, T e 2 (1.5.44)
2a1 (y*)?
+ +
Y Y ot +
Vol LTy Y
Y= %ln(gfr)—i—as

where as and agz are integration constants, which have been chosen to obtain a continuous profile of

Y+
1
as = 1503 az = 1503 — T <1 +In ( OOOH)) (1.5.45)
2K orT

Let’s now study the case where o is much smaller than 1. In practise it is assumed that o < 0.1 (this is
for instance the case for liquid metals whose thermal conductivity is very large, and who have Prandtl
number of values of the order of 0.01). The intermediate region then disappears and the coordinate
of the interface between the law used in the near-wall region and the one used away from the wall is
given by:

s =2 (L5.46)

RO

Y

The dimensionless equation (1.5.36) is then integrated under the same hypothesis, and the law of Y+
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is obtained:

+ o
== it y* <y
g
+ +
Yy y+ if gt < gt (1.5.47)
Y+ o Y "
—In(==)+oy
k Yo

Wall diffusive flux with wall functions

The previous sections can be summarized as follows:

C +
vy (Y = Yaun) (L5.48)

qib =

where the rescaling factor }y,—: depends on the wall function is given in (I.5.44) if o > 0.1 or (1.5.47) if
o <0.1.

The internal pair of boundary condition coefficient for the diffusive term for the variable Y are

Alfb = —hpwidYwall,
(L5.49)

Bifb = Nfid,

Cu y*
where hfluid = ﬁﬁ

5.4.4 Outlet boundary condition on the pressure

In this section the boundary condition on the pressure at the outlet is detailed. Some assumptions are
made to derive this boundary condition which consists of a Dirichlet (combined with a homogeneous
Neumann on the velocity) based on the pressure field at the previous time step. On basic configurations
such as a channel or a pipe where the outlet is orthogonal to the flow, the shape of the pressure profile
in a surface parallel to the outlet is approximately the shape of the pressure profile at the outlet. This
hypothesis is valid for established flows, far from any perturbation. In this configuration one can write:

9’P
onor 0,

where n is the outward normal vector and 7 is any vector in the boundary face.

Then remark that the value at the boundary face fj is linked to the pressure value in I’ by the
relationship:
be = Pp +Z1PI/7F

If moreover we assume that the pressure gradient in the normal direction is uniform, and that all the
I’ related to the outlet faces are on a single plane parallel to the outlet, then the value of V,P - I'F is
constant for all the faces and denoted R.

Furthermore, the pressure is defined up to a constant, so the code chooses to fix the pressure at
Py to a given outlet boundary face f,*"*?. Therefore the pressure field is shifted by the constant

Ry =Py~ P = Py — (P{™ + R).
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All that together gives
be - PI'+R+R0,

= Pu+R+P— (P;’,’"”JFR) ,
) 1.5.50
— Put  R-PIP (L5.50)
—_———
constant denoted by R

= Py +R

To conclude, the outlet boundary condition on the pressure is a Dirichlet based on the value in I’ (at
the previous time step) and shifted to impose the value Py at a given face f5.

5.4.5 Free inlet/outlet boundary condition on the pressure incre-
ment

In this section the boundary condition on the pressure increment at the free inlet is detailed. For the
other variables (even the pressure itself), the treatment is similar to §5.4.4.

Let us start with the Bernoulli relationship between a boundary face f linked to a point on the same
stream line far away from the computational domain:

1+ K 1
Pr—psg- (2 —2g) + —5—pruy -ty = Poo = pocg + (Lo = o) + 5 Poollee " e (.5.51)
where K is a possible head loss of the fluid between the infinity and the boundary face entrance (which
the user may play with to model the non-computed domain).

Assuming that the stream line is horizontal, that the density is constant over the stream line and that
the fluid velocity is zero at the infinity, the Equation (1.5.51) becomes:

N 1+ K
Py =— 5 Priy - Uygs (1.5.52)

where we recall that P* is the dynamic pressure.

For stability reasons, the Equation (I1.5.52) is implicit in time as follows:

1+ K
P]f’""'l = —%pfg? -@’J}"'l. (1.5.53)
This implicitation is crucial to make the calculations stable.

The prediction-correction velocity-pressure coupling algorithm requires boundary conditions on the
pressure increment (computed in the correction step), and therefore relation (I1.5.53) is derived to
obtain boundary conditions on the pressure increment. Recall that the correction step reads:

(pw)"" — (p")
= —-ViP, 1.5.54
A7 Y (1.5.54)
the pressure increment 6P = P*"+!1 — P*™ at the face is consequently given by:
1+ K - At
0P; = —P;’" — %pfg? . (u — V6P> . (1.5.55)
p f

Neglecting the tangencial velocity component at the entering faces ((pg)? o~ (,DQ)? ‘nn = rgirtﬂ) and
f

approximating P;’" with its cell-center value, Equation 1.5.55 reads:

1+ K 7 At 90P
5pf:_pi*v”_+7ﬂ (a.n_ta(;) )
p On J,

1.5.56
213, (1.5.56)
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Variable Admissible Values
Velocity U 1 2 3 4 5 6 9
Pressure P 1 2 3
Scalar turbulent variables |k, €, o, f, w||1 2 3 5 6
Reynolds stresses R;; 1 2 3 4 5 6
Y (except variances) Y 1 12 |3 5 |6
Variance of a variable Y 1 2 3

Table 5.3: Admissible values of boundary conditions for all variables.

0P 0P; — 6P .
Noting that =1 , (I1.5.56) is rewritten as:
on f I'F
dP; = Ajp + BiL0P;,
with:
1 1+ K my
A9 — _prnr - .
op 1+CFL ( i 2 18],
FL
Bip = < )
1+CFL
where the C'F'L is defined as: 14 K A
CFL — -~ 2y
2 py |S‘f

n

(15.57)
) ’ (15.58)

(15.59)

Remark 5.6 CFL is a positive quantity for ingoing flows, which ensures stability.

Remark 5.7 The formulation (1.5.59) is nothing else but a convective outlet on the pressure increment

(see §5.5.4).

Checking step

Before computing the pairs of boundary condition coefficients, a step of checking is performed. Basi-
cally, the code checks that the user has given a boundary condition to all boundary faces, and that

the setting between all the variables is compatible (see Table 5.3).




Chapter 6

Algebrae
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6.1 Iterative process

See § E.

6.2 Linear algebrae

See § L.




Part 11

Advanced modelling



Chapter 7

Turbulence modelling
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7.1 Eddy viscosity Models (E VM)

In this section eddy viscosity hypothesis is made which states that the Reynolds stress tensor is aligned

with the rate of strain S:

2
p@zzgpk;fQuTéD (IL.7.1)

7.1.1 Equations for the variables % and ¢ (standard © — = model)

P o + Vk - (pu) — div [(,u—&- Mt) Vk] = P+G—pe+ Tk + STy,
0 . g :
Pafi + Ve - (pu) —div [(u + Mt) VS] = Cﬂ% [P+(1-C,)G] — pCEz% +Ie'™ 4 ST,
€
(I1.7.2)
where P is the production term created by mean shear:
D 2
P = -pR:Vu=—|-2u5" +opkl| : 5,
) 3 (11.7.3)
= Z;LtéD :éD — gpktr (l@) ,
and G is the production term created by gravity effects:
1
g=-Evp.g (IL7.4)
POt -
The dynamic turbulent viscosity reads:
k2
e = pC’“?. (I1.7.5)

STy, and ST, stand for the additional source terms prescribed by the user (in rare cases only).

The constants of the model are given in the Table (7.1):

Cu Cey |Cey |0k o.

0.09 |1.44 192 |1.0 |1.3

Table 7.1: Standard k — ¢ model constants [LS74].

C., = 01if G > 0 (unstable stratification) and C., =1 if G < 0 (stable stratification).

See the programmers reference of the dedicated subroutine for further details.

7.1.2 k — e —v2/k elliptic blending turbulence model

The BL-v2/k [BL12] is a elliptic-blending based v2 — f model. Tt is a low Reynolds number model
and as such the wall distance of the first off-wall cell centre must be of order of unity when expressed
in viscous unit.

The following gives details about the model followed by some description of its implementation into
Code_Saturne.
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Model description

This eddy viscosity model solves for k and e as turbulence variables, representing respectively the
turbulent kinetic energy and its dissipation rate, as well as two non-dimensional variables, ¢ = W/ k
and a. The first of these latter two represents the ratio of wall normal Reynolds stress to turbulent
kinetic energy (thus being a measure of the near-wall turbulence anisotropy) and the second is a wall
proximity sensitive quantity (i.e. it takes the value 0 at a wall and 1 in the far field). The coefficient
« is solved for via an elliptic equation (L representing the turbulence length-scale):

a—L*Aa=1 (I1.7.6)
The ¢ transport equation reads:
Y e fur PP 2y vk div (Y4 2 (IL7.7)
dt w PR T kot 2" 5, )7 o

The aim of the BL-v2/k model is to stand as a code-friendly version of the v2 — f model of [Dur91].
In both the wall normal stress v? is used in the vy definition to correctly represent the near-wall
turbulence damping (7" is the turbulence time-scale and C),, = 0.22 is calibrated in the logarithmic
layer of a channel flow):

vp =Cupk T (I1.7.8)

The elliptic blending approach mainly allows for an improved robustness. Indeed, the original v2—f
approach solves for the quantity v2? and a variable f derived from the wall normal pressure term' and
defined as:

1| 2 vZ
f= z ——v0yp —2vVv - Vv + 5? (I1.7.9)
\i,_/
®32
with f being solved using an elliptic equation:
f—L*Af = fn (I1.7.10)

Similarly to the o equation, this elliptic operator allows to represent the non-local effects induced by
the incompressibility of turbulence. The quantity f5 is obtained by considering homogeneous modelling
(i.e. Af =0) of f using for pressure strain-rate term the model of [LRR75]. The correct asymptotic
behaviour of the variable v? is ensured by the following boundary condition:

_2 2.2
Jim f = lim 22

lim f = lim ——5 (IL.7.11)

This requires a balance between O(y?*) terms which proves to be numerically problematic. In the
BL—va/ k model the elliptic equation is simply solved for a non-dimensional quantity with an homo-
geneous Dirichlet boundary condition, therefore alleviating the stiffness associated to the boundary
condition of the elliptic variable. The inclusion of « in the definition of f allows a blending between
the near-wall and the homogeneous form f = (1 — a?) f,, + a3 fj, in the ¢ equation. For the f;, model
the proposal of [SSG91] is preferred for its better reproduction of the pressure term in a boundary
layer.

The model also solves a k-¢ system somewhat modified compared to the one generally adopted by
v2 — f models. The k and ¢ equations adopted by the BL-v?/k model read:

d  p iy [(” + ”t) Vk} Ol — a)* o, (000,00 (9h0,0) (IL.7.12)
dt 2 op €

lthe pressure term ¢354 is not decomposed but modelled as a whole
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de  CaP —Cle . v
- 7 ° div [(2 + ag) Ve] (I1.7.13)

The k equation includes the so-called “E term” dependent on the second velocity derivatives squared,
similar to that introduced into the e equation by [JL72], and the homogeneous part of the dissipation
rate is independently accounted for (following the suggested formulation of [JH02]). This implies that
the quantity € resolved by the model has a different definition to that conventionally employed in k-&
schemes (i.e. a change of variable ¢ — ¢ + (1 — )£ E + 119;;k). This has the beneficial effect of
reducing the Reynolds number dependence of the near-wall value of the turbulence variables and of
the time and length scales, T and L respectively, yielding better near-wall prediction of the blending
variable and the turbulent viscosity, and hence mean flow quantities, for both low and high Reynolds
numbers.

A further feature is that the coefficient C7, is taken as a function of the turbulent transport of k to e
ratio (as proposed by [PLD96]):
3/2
) (I1.7.14)

This improves the predictions of the dissipation rate in the defect layer of a channel flow (where the
turbulent transport becomes significant) and yields better results in wake flows [PLD96]. Full details
of the scheme can be found in [BL12].

div (v¢ /oL NV k)

Cl, =Ce — 043(0.4 — C¢2) tanh ( .

in extenso definition

Equations: Equations for the turbulence kinetic energy &, the turbulence dissipation rate €, the non-
dimensionnal wall-normal Reynolds stress component ¢ = v2/k and the elliptic blending parameter «
are given in Eq. (I1.7.12), Eq. (I1.7.13), Eq. (I1.7.7) and Eq. (II.7.6) respectively.

Scales and constants: The definition of the turbulent viscosity is given in Eq. (I1.7.15). The near-
wall and far field models, f,, and fj, for the ¢ source term, f are expressed in Eq. (I1.7.16) and
Eq. (IL.7.17). The definition of the variable coefficient C7, is given in Eq. (I1.7.18)

Finally the time and length scales entering the definition of v, the equation of € and the definition of
fn as well as the equation of « are given in Eq. (I1.7.19). The viscous limiter used as lower bound of the

time scale has a finite wall value and therefore enables avoid the singularity consecutive to the definition
2

of the € sink term if the term — ;‘26— were used in place of — ;"25. Similarly a viscous (Kolmogorov)
limiter is used for the length-scale definition L to avoid numerical problems which would raise in the
« equation numerical resolution if the length-scale were to tend to zero at wall. The upper limiter
Tiim is used to enforce the Bradshaw hypothesis (proportionality between shear stress and turbulent
kinetic energy in a boundary layer ww/k = C(= 0.6/1/3 with the present approach)), and corrects, in
a wider range of cases, the excessive production rate returned by the eddy viscosity formulation (i.e.
allowing a linear rather than a quadratic dependance on S for large strain rate).

vy = Cppk min(T, Tjipm) (I1.7.15)
EP
= ——= I1.7.1
fu=-52 (11.7.16)
1 P 2
= —— -1 — - = 11.7.1
=g (a-1+a2) (¢-3) (w7.1)

div (v /oxVk)

€ €

C*Q = 052 + a3 (054 — 052) tanh (

3/2
) (IL7.18)
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k2 v 11.7.19
0.6

Constants: Table 7.2 gives the value adopted for the constants of the model.

Ce1 Cop Ceg Coy op 0c

144 183 23 04 1 15

CM Cr (g Cn Cv Cy Op

022 4 0.164 75 1.7 09 1

Table 7.2: Constants of the BL-v2/k model

Boundary conditions

The turbulent variables wall boundary conditions are given in Eq. (I1.7.20) (y being the wall-distance)?:

lim k=0
y—0
vk

lim e = lim —
y=0 y=0 Y2 (IL.7.20)
limp=20
y—0

lima =0
y—0

Remaining issues

3 3 3
o The actual source term (0x0;U;) (0x0;U;) should be written as ZZZ (0k0;U;) % and not
i=1 j=1k=1
2

3 3
Z Z Z 0x0;U;) as it is, incorrectly, in the present implementation.
=1 \j=1k=1

e Issues regarding grid/code dependancy of this term have already been raised [Iac01]. Alternatives
may be worth investigating, such as (8jjUi)2.

7.1.3 Spalart-Allmaras model

The Spalart-Allmaras turbulence model [SA92] is an EVM RANS model developed in the 90’s in
aeronautics, and is therefore well suited for studying a flow around an air-plane wing for instance.

?Note that the ¢ wall boundary condition is halved compared to what is used in the ¢ — f model (iturb=50)
consequently to the change of variable described above
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Model description

It consists in a transport equation of a scalar & directly linked to the turbulent viscosity pr.

More recently, this model has been extended by Aupoix [AS03] to rough wall for studying atmospheric
flows. It was also successfully applied to flow in turbo-machinery where variants of this model has
been developed.

The transport equation of 7 (pseudo turbulent viscosity, which tends to it far from walls) reads®

2
- 1 . " )
+Vi-(pu) = cp1 pST—Ccw1 fuwp (V) +; [diV (1 + p2)N7) + cpap |ZD|2} +T (" — 0" )4+ ST "™ P4 STP

d
4 (I1.7.21)
where 7" is the injection value of 7 in case of any mass source term, and ST."” and ST5"" are
respectively the implicit and explicit additional user source terms and where

ov

Por

pr = pfuv
3
X
fvl = T4 3
X3+ ey
1
X = -
v
S = +2Lf’02
K2d?
. (I1.7.22)
fv2 B a v+ f/fvl 1
1+chs]°
o=l
g = T+ Cy2 (r6—r)
r = min [ﬂ, 10]
Sk2d?
The constants are defined in Table 7.3.
g Ch1 Cv2 R Cw2 | Cw3 | Cul Cwl
1
2101355 | 0.622 | 0.41| 0.3 | 2 |71 | B2t
K o

Table 7.3: Constants of the Spalart Allmaras model.

3 the present formulation is a simplified one presented by Aupoix [AS03] where transition terms have been neglected.
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Time stepping

Equation (I1.7.21) can be rewritten with the #-scheme presented in Chapter 3 as

implicit term

[p + max <cw1pr22 — ¢p1pS, O> — TP GF”} sl

At
~n+1 : H + pﬂn ~n+1
+6 Vov < (pu) — div |[——Vv
— o
implicit part of the convection (11723)

implicit part of the diffusion

_Um - (pu) + div {WW}
ag

2
+ep1pST" = Cut fup <d) + % Vi |? T (5" — ™) 4+ STPp™ 4 STe*P

A

where §pntt = pntl — pn,

~n

1% ~
Remark 7.1 The term <cw1prd2 — cblpS) 18 implicit so that U does not require any clipping to

remain positive if an upwind convective scheme and no flux reconstruction are chosen.

Boundary conditions

Smooth walls: the boundary condition on 7 is a standard zero Dirichlet boundary condition on the
walls (see Chapter 5 for the encoding of standard Dirichlet conditions).

Note that the model gives a log law outside of the viscous sub-layer, i.e.:

v o~ ku*d

. (I1.7.24)
~ U
S ~ —
kd
Rough walls: In case of rough walls, let us define:
Xrough = X + chd -
rough
drougn = d+do (I1.7.25)
do = exp(—8.5k)hs~0.03h,

where h; is the roughness size. The Dirichlet boundary conditions is replaced by the following Neumann
boundary condition:

o 17|fb
= = (I1.7.26)
on fo do
A development in series in then written:
vg, =vp =Ny v-I'F (I1.7.27)

Finally, that is a Robin type boundary condition formulated as follows in Code_Saturne:

by, = A% — B iy (IL.7.28)
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with A?b =0 and
do

gy — % 11.7.29
b dy +TF ( )

Inlet: the profile of 7 is imposed, the value is deduced from the profiles imposed on k£ and ¢ for a
k — € turbulence model assuming 7 ~ vy.

See the programmers reference of the dedicated subroutine for further details.

7.2 Differential Reynolds Stress Models (DRSM)

In this section, the presented models solve a differential transport equation on the Reynolds’ stresses
tensor.

7.2.1 Equations for the Reynolds stress tensor components R;;
and c (LR R model)

3R
P ot

+Y R (pu) - dg(,u¥§> -

H&
H\d

+G+o-

H(T)

+TR™ + ST,
2

P+ G - pC, % 4T + ST,

S8

= 4 Ve (pu) — div (u¥e) = d+C.

Efv\m

Pat
(I1.7.30)

where P stands for the turbulence production tensor associated with mean flow strain-rate and g is
stands for the production- tensor associated with buoyancy effects:

P = —p[R-Yu' +Yu-R
- £-¥ Yu-&, (I1.7.31)
G = [r®g+ger].

where r = p/u/ is modelled through a Generalized Gradient Diffusion Hypothesis (GGDH): r ~ % . fg .

and G. = Max (07 %trg).

Remark 7.2 Under Boussinesq assumption (p varies only in the buoyancy term in the momemtum
equation, lineraly with respect to 0, the velocity density correlation becomes pf'u’

With these definitions the following relations hold:

k = %trﬂ,
B (I1.7.32)
P o= 3tr(B),
@ is the term representing pressure-velocity correlations:
2=¢ +o,+¢ +0 (IL.7.33)
_ € LD
21 = —pCy kR
¢ = —CP", (11.7.34)

~C5GP.

e
|

<
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The term ¢ is called wall echo term (by default, it is not accounted for: see html programmer’s

—w
documentation of the subroutine and the appendix Q).

The dissipation term, ¢ , is considered isotropic:

2
e=zel (I1.7.35)

The turbulent diffusion terms are:

4 = Cudis (ih-3R),
o (IL.7.36)
d = C.div (peR'V5>.

In the rare event of mass sources, I‘RZ-L and I'e? are the corresponding injection terms. STg,; and ST
are also rarely used additional source terms that can be prescribed by the user.

c, |C. |C, |C, |Ci |Cy |C3 |Cs |C7 |C

0.09 [0.18 |1.44 |1.92 |1.8 |0.6 |0.55 |0.22 [0.5 |0.3

Table 7.4: Model constants of the LRR R;; — ¢ model [LRR75].

7.3 Large-Eddy Simulation (LES)
7.3.1 Standard Smagorinsky model

w=p (CsA)* /25 : 5, (IL.7.37)

where E the filtered strain rate tensor components:

5-5"= % va+(Zn)]. (IL.7.38)

Here, @; stands for the i*" resolved velocity component .

C is the Smagorinsky constant. Its theoretical value is 0.18 for homogeneous isotropic turbulence, but
the value 0.065 is classic for channel flow.

A is the filter width associated with the finite volume formulation (implicit filtering which corresponds

to the integration over a cell). The value recommended for hexahedral cells is: A = 2 |Qi|éwhere |€2]
is the volume of the cell <.

See the programmers reference of the dedicated subroutine for further details.

4In the case of implicit filtering, the discretization in space introduces a spectral low pass filter: only the structures
larger that twice the size of the cells are accounted for. Those structures are called ”the resolved scales”, whereas the
rest, u; — Uy, is referred to as ”unresolved scales” or ”sub-grid scales”. The influence of the unresolved scales on the
resolved scales have to be modelled.
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7.3.2 Dynamic Smagorinsky model

A second filter is introduced: it is an explicit filter with a characteristic width A superior to that of

the implicit filter (A). If Y is a discrete variable defined over the computational domain, the variable
obtained after applying the explicit filter to Y is noted Y. Moreover, with:

|

L = 10u-1®1,
T = URU-URT, (I1.7.39)
I = 191-i9%
Germano identity reads:
L=T-71. (I1.7.40)

Both dynamic models described hereafter rely on the estimation of the tensors T and 7 as functions
of the filter widths and of the strain rate tensor (Smagorinsky model). The following modelling is
adopted®:

T, — \trTo,;, = —20A?Dy, Dy,
o= Y (IL.7.41)

mij— 18y = —207A°[Dy|Dy,
where @ stands for the implicit-filtered value of a variable uw defined at the centres of the cells and
u represents the explicit-filtered value associated with the variable u. It follows that the numerical

computation of L;; is possible, since it requires the explicit filtering to be applied to implicitly filtered
variables only (i.e. to the variables explicitly computed).

On the following assumption:

C=cC (I1.7.42)

and assuming that C* is only slightly non-uniform, so that it can be taken out of the explicit filtering
operator, the following equation is obtained:

L?=c(a-5), (IL.7.43)
with:
a; = —2A2D, Dy,
’ e (I1.7.44)
T S
Bij = —2A7|Dy;|Dy;.

Since we are left with six equations to determine one single variable, the least square method is used®.
With:

E=L-C(a-§), (IL.7.45)

the value for C' is obtained by solving the following equation:
0L E_ I1.7.46
5 (I1.7.46)

54;; stands for the Kroeneker symbol.
6 trL has no effect for incompressible flows.
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Finally:
c-M:L 11.7.47
T HLTAD
with _
M=a-3 (IL.7.48)

This method allows to calculate the Smagorinsky ”constant” dynamically at each time step and at
each cell. However, the value obtained for C' can be subjected to strong variations. Hence, this
approach is often restricted to flows presenting one or more homogeneous directions (Homogeneous
Isotropic Turbulence, 2D flows presenting an homogeneous span-wise direction...). Indeed, in such
cases, the model can be (and is) stabilized by replacing C by an average value of C' computed over the
homogeneous direction(s).

For a general case (without any homogeneous direction), a specific averaging is introduced to stabilize
the model: for any given cell of the mesh, the averaged Smagorinsky constant is obtained as an average
of C over the ”extended neighbouring” of the cell (the set of cells that share at least one vertex with the
cell considered). More precisely, the average value (also denoted C' hereafter) is calculated as indicated
below:

=== (11.7.49)

See the programmers reference of the dedicated subroutine for further details.




Chapter 8

Compressible flows

See § A.
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8.1 Pressure-based solver




Chapter 9

Combustion
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9.1 Introduction
9.1.1 Use & call

From a CFD point of view, combustion is a (sometimes very) complicated way to determine p, the
density.

Depending on the presence of a match or not, two solutions exist, known as ignited and extinguished.
From a numerical point of view, it means that these two solutions have two attraction basin; the more
representative the model, the more difficult the stabilisation of the combustion (may be difficult to
ignite).

However, combustion models needs few extra fields of scalar with regular transport equations, some of
them with a reactive or interfacial source term.

This version of Code_Saturne focuses on steady industrial combustion processes; propagating fires are
out of the present range (but in the short coming release).

In Code_Saturne modelling of combustion is able to deal with gas phase combustion (diffusion, premix,
partial premix), and with solid or liquid finely dispersed fuels (fixed and fluidised beds are out of
range).

Combustion of condensed fuels involves one-way interfacial flux due to phenomena in the condensed
phase (evaporation or pyrolisis) and reciprocal ones (heterogeneous combustion and gasification). Many
of the species injected in the gas phase are afterwards involved in gas phase combustion.

That is the reason why many modules are similar for gas, coal and fuel oil combustion modelling.
Obviously, the thermodynamical description of gas species is similar in every version as close as possible
to the JANAF rules.

All models are developed in both adiabatic and unadiabatic (permeatic : heat loss, e.g. by radiation)
version, beyond the standard (-1, 0, 1), the rule to call models in usppmo is:

-1 unused

ippmod(index ; model)

ippmod(index ; model) = 0 simplest adiabatic version

ippmod(index ; model) = 1 simplest permeatic version (I1.9.1)
and possibly:

ippmod(index ; model) = 2.p p adiabatic version

ippmod(index ; model) 2.p + 1 p permeatic version

Every permeatic version involves the transport of enthalpy (one more variable).

9.1.2 Gas combustion modelling

Gas combustion is limited by disponibility (in the same fluid particle) of both fuel and oxidizer and
by kinetic effects (a lot of chemical reactions involved can be described using an Arrhenius law with
high activation energy). The mixing of mass (atoms) incoming with fuel and oxydizer is described
by a mixture fraction (mass fraction of matter incoming with fuel), this variable is not affected by
combustion.

A progress variable is used to describe the transformation of the mixture from fuel and oxydant to
products (carbon dioxyde and so on). Combustion of gas is, traditionnaly, splitted in premix and
diffusion regimes.

In premixed combustion process a first stage of mixing has been realised (without blast ...) and
the mixture is introduced in the boiler (or combustor can). In common industrial conditions the
combustion is mainly limited by the mixing of fresh gases (frozen) and burnt gases (exhausted) resulting
in the inflammation of the first and their conversion to burnt ones ; so an assumption of chemistry




Code_Saturne

EDF R&D Code_Saturne 5.2.1 Theory Guide documentation
Page 79/430

much faster than mixing (characteristic time for chemistry much smaller than characteristic time for
turbulent mixing) induces an intermittent regime. The gas flow is constituted of totally fresh and
totally burnt gases (the flamme containing the gases during their transformation is extremely thin).
With this previous assumptions, Spalding [S71] established the "Eddy Break Up” model, which allows
a complete description of the combustion process with only one progress variable (mixture fraction is
both constant - in time - and homogeneous - in space).

In diffusion flames the fuel and the oxydant are introduced by, at least, two inlets. In ordinary
industrial conditions, their mixing is the main limitation and the mixture fraction is enough to qualify
a fluid particle, but in turbulent flows a Probability Density Function of the mixture fraction is needed
to qualify the thermodynamical state of the bulk. So, at least, both the mean and the variance of
the mixture fraction are needed (two variables) to fit parameters of the pdf (the shape of whose is
presumed).

Real world’s chemistry is not so fast and, unfortunately, the mixing can not be as homogeneous as
wished. The main part of industrial combustion occurs in partial premix regime. Partial premix
occurs if mixing is not finished ( at molecular level) when the mixture is introduced, or if air or fuel,
are staggered, or if a diffusion flame is blown off. For these situations, and specifically for lean premix
gas turbines [LW00] developed a model allowing a description of both mixing and chemical limitations.
A collaboration between the LCD Poitiers [RCP04] and EDF R&D has produced a simpler version of
their algorithm. Not only the mean and the variance of both mixture fraction and progress variable
are needed but also their covariance (five variables).

9.1.3 Two-phase combustion modelling

Coal combustion is the main way to produce electricity in the world. Heavy fuel oil combustion have
been hugely used to produce electrical energy. Biomass is a promising fuel to be used alone or in blend.

Advanced combustion process may include exhaust gases recycling, pure oxygen or steam injection, so
this release of Code_Saturne takes into account three oxidizers (tracked by three mixture fractions).

Coal is a natural product with a very complex composition. During the industrial process of milling,
the raw coal is broken in tiny particles of different sizes. After its introduction in the boiler, coal
particles undergoes drying, devolatilisation (heating of coal turn it in a mixture of char and gases),
heterogenous combustion (of char by oxygen in carbon monoxide), gasification (of char by carbon
dioxide or by water steam in carbon monoxide), leaving ash particles.

The description of fuel evaporation is done with respect to its heaviness : after a minimum temperature
is reached, the gain of enthalpy is splitted between heating and evaporation. This way the evaporation
takes place on a range of temperature (which can be large). The total evaporation is common for
light (domestic) oil but impossible for heavy ones : at high temperature, during the last evaporation,
a craking reaction appears : so a particle similar to the char is leaved. The heterogeneous oxydation
of this char particle is very similar to coal char ones.

Each of these phenomena are taken into account for some classes of particles : a solid class is carac-
terised by a coal (it is useful to burn mixture of coals with differents ranks or mixture of coal with
biomass ...) and an initial diameter, for heavy fuel oil, liquid classes refer to initial diameter (neither
possibility of blending after injection nor cofiring with oil and coal). Code_Saturne computes the num-
ber, the mass and the enthalpy for each class of particles by unit of mass of mixture; allowing the
determination of local diameter and temperature (for each class; e.g. the finest will be be heated the
fastest).

The main assumption is to solve only one velocity (and pressure) field: it means that the discrepancy
of velocity between coal particles and gases is assumed to be negligible.

Due to the radiation, evaporation and heterogeneous combustion, temperature can be different for gas
and different size particles : so the specific enthalpy of each particle class is solved.

The description of coal pyrolysis proposed by [K76] is used, leading to two source terms for light and
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heavy volatile matters (the moderate temperature reaction produces gases with low molecular mass,
the high temperature reaction produces heavier gases and less char) represented by two passive scalars
: mixture fractions. The description of the heterogeneous reaction (which produce carbon monoxide)
produces a source term for the carbon: the corresponding mixture fraction is bounded far below one
(the carbon can’t be free, it is always in carbon monoxide form, mixed with nitrogen or other).

The retained model for the gas phase combustion is the assumption of diffusion flammelets surrounding
particle (for a single paticvle or a cloud), this diffusion flame establish itself between a mixing of the
previous gaseous fuels issued from fast phenomenon (pyrolysis or fuel evaporation) mixed in a local
mean fuel and the mixing of oxidizers, water vapor (issued from drying) and carbon monoxide issued
from slow phenomenon (heterogeneous oxydation and gasification of char). The PDF diffusion app-
rocah is used to describe the conversion of hydrocarbon to carbon monoxide (hydrocarbon conversion
is assumed fast vs. mixing); the further conversion of carbon monoxide to carbon dioxyde was (in
previous release, still existing for fast first evaluation of carbon dioxide usefull to initialize the kinetic
model) ruled by mixing or is (now recommended for better prediction of carbon monoxide at outlet
and corrosion risks) kineticaly ruled with respect to the mean mass fraction and temperature (reach
of equilibrium assumed slow vs. mixing). Special attention is paid to pollutant formation (conversion
of HyS to SO4 involved in soot agglomeration, NOx formation).
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9.2 Thermodynamics

9.2.1 Introduction

The description of the thermodynamical of gaseous mixture is as close as possible to the JANAF
standard. The gases mixture is, often, considered as composed of some global species (e.g. oxidizer,
products, fuel) each of them beeing a mixture (with known ratio) of elementary species (oxygen,
nitrogen, carbon dioxide, ...).

A tabulation of the enthalpy of both elementary and global species for some temperatures is constructed
(using JANAF polynoms) or read (if the user found useful to define a global specie not simply related
to elementary ones; e.g. unspecified hydrocarbon known by C, H, O, N, S analysis and heating value).
The thermodynamic properties of condensed phase are more simple: formation enthalpy is computed
using properties of gaseous products of combustion with air (formation enthalpy of which is zero valued
as 02 and N2 are reference state) and the lower heating value. The heat capacity of condensed phase
is assumed constant and it is a data the user has to enter (in the corresponding data file dp_.FCP or
dp_FUE).

9.2.2 Gases enthalpy discretisation

A table of gases (both elementary species and global ones) enthalpy for some temperatures (the user
choses number of points, temperature in dp_*** file) is computed (enthalpy of elementary species is
computed using JANAF polynomia; enthalpy for global species are computed by weighting of elemen-
tary ones) or red (subroutine pptbht). Then the entahlpy is supposed to be linear vs. temperature
in each temperature gap (i.e. continuous piece wise linear on the whole temperature range). As a
consequence, temperature is a linear function of enthalpy; and a simple algorithm (subroutine cothht)
allows to determine the enthalpy of a mixture of gases (for inlet conditions it is more useful to indicate
temperature and mass fractions) or to determine temperature from enthalpy of the mixture and mass
fractions of global species (common use in every fluid particle, at every time step).

9.2.3 Particles enthalpy discretisation

Enthalpy of condensed material is rarely known. Usually, only the low heating value and ultimate
analysis are determined. So, using simple assumptions and the enthalpy of known released species
(after burning with air) the formation enthalpy of coal or heavy oil can be computed. Assuming the
thermal capacity is constant for every condensed material a table can be build with ... two (more
is useless) temperatures, allowing the use of the same simple algorithm for temperature-enthalpy
conversion. When intermediate gazeous species (volatile or vapour) are thermodynamically known,
simple assumptions (e.g.: char is thermodynamically equivalent to pure carbon in reference state;
ashes are inert) allow to deduce enthalpy for heterogeneous reactions (these energies have not to be
explicitely taken in account for the energy balance of particles).
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9.3 Gas combustion

Flames with gaseous fuels can be categorized in premix, diffusion or partial-premix.

9.3.1 Premix: Eddy Break Up

The original Spalding model [S71] was written for a situation where the whole boiler is filled with the
same mixture (only one inlet); the motto of which is ”If it mizes, it burns”. If the chemistry is fast
vs. mixing, fluid particles are made of fresh gases or of burned ones. This situation is described by a
progress variable (valued 0 in fresh gases and 1 in burnt ones) with a source term: the reaction one.
The mixture of totally fresh or totally burnt gases, called intermittency, leads to a maximal variance
of the progress variable determined by the mean value of the progress variable.

C”I2nax = (Cmoy - Omin)-(cmax - Cmo}’) = Cmo}"(l - Omoy) (1192)

The mixing of fresh and burnt gases is the dissipation of this variance and it induces the conversion of
fresh gases in burnt ones. So the source term for the (mean) progress variable is the dissipation of its
(algebraic) variance. Be careful: in Code_Saturne the variable chosen to describe the reaction is the
mass fraction of fresh gases (valued 1 in fresh and 0 in burnt), so:

S(¥ig) = ~Cobu 7 [  Yig (1 - Yig)] (11.9.3)

Where Cy},, is a constant, supposedly ”universal”, fitted around 1.6 (only advanced users may adjust
this value).

Some improvements have been proposed, and largely used, for situations with mixture fraction gradient
(staggering of reactant(s)) but are not theorically funded. The simplest extension is available (options
2 and 3 ) in Code_Saturne with one extra equation solved for f the mean of mixture fraction: the
corresponding hypothesis is “no variance for mizture fraction” ... a little bit surprising in an EBU
context (maximal variance for progress variable). The choice of the fresh gas mass fraction appears
now to be quite relevant : the computation of species mass fraction can be done, with respect to the
mean mixture fraction, both in fresh (the mass fraction of which is Y,) where species mass fraction are
obvious and burnt gases (the mass fraction of which is (1 — Yf,)) among which species mass fraction
come from a complete reaction assumption (as introduced hereafter for diffusion flame).

Yiel = Yfgf +(1- Yfg)'nlaX <O ; J= fs)

1_fs
Yox = Yig(1—f)+ (1 —Yfy). max (0; fs];f) (I1.9.4)
Yprod = (1_Yfg>-(l}{s3 11_£>

Where fs is the stoechiometric mixture fraction.

In adiabatic conditions the specific enthalpy of gases (in every combustion model the considered enthalpy
contains formation one and heat content, but no terms for velocity or pressure) is directly related to the
mixture fraction (as long as the inlet temperature for air and fuel is known). When heat losses, like
radiation, are taken into account, an equation has to be solved for the mean enthalpy (such an equation
is needed so when some inlets have different temperatures -partial preheat- enthalpy is then used as an extra
passive scalar). In industrial processes, the aim is often to transfer the heat from burnt gases to the
wall; even for heat loss the wall temperature is near to the fresh gases temperature and the main heat
flux takes place between burnt gases and wall. So, in Code_Saturne, the specific enthalpy of the fresh
gases is supposed to be related to mixture fraction and the specific enthalpy of burnt gases is locally
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computed to reach the mean specific enthalpy. By this way every heat loss removed from the mean
enthalpy is charged to the hottest gases.

- . h—Yig . hig(f)

h = ng . hfg(f) + (1 — }/}g) . hbg =4 hbg = (1195)

where f is here the local mean of the mixture fraction or a constant value (in the regular EBU model).

9.3.2 Diffusion: PDF with 3 points chemistry

In diffusion model, the combustion is assumed to be limited only by mixing (between air and fuel), so
the reaction is assumed to reach instantaneously its equilibrium state and the temperature and concen-
trations can be computed for every value of the mixture fraction. In Code_Saturne the implemented
version uses an extra hypothesis: the reaction is complete; so if the mixture is stoechiometric, the
burnt gases contains only final products (none unburnt like CO, except definition of product including
a specified ratio of CO). As a consequence, every concentration is a piecewise linear function of the
mixture fraction (subroutines: d3pphy, d3pint, cpcym, fucym).

/
0< f < fs 5 Yz(f) = Yair + ? (YS - Yair) (11'9’6)
S
) _ f= s
fs < f <1 H Yz(f) - Ys + 1 f (quel - Ys) (11'9'7)
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Figure 11.9.1: Mass fraction of global species are piecewise linear with mixture fraction.

Where fs is the stoechiometric mixture fraction, Y the concentrations in products of the complete
reaction of a stoechiometric mixture (in such products, the chemical reaction is no more possible :
inert). Beware to distinguish Yf,e mass fraction of a species (depending on f) and Yi,e mass fraction
of species in the inlet condition for the fuel stream (Y; gye1 = Yi(1) Y air = Y3(0)).

The diffusion model uses two equations for the mixture fraction and its variance. Both of them having
no reaction term. The mean and the variance of the mixture fraction are used to fit parameter of a
Probability Density Function, with a presumed form, for the mixture fraction. In Code_Saturne the
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shape proposed by [BD78] with a rectangle and Dirac’s peak is used (subroutines copdf, cppdf,
fupdf).

Fuel air ratio : lean

P(f)

Variance : moderate

Dirac’s peak for oxidizer

rectangle for mixture

0 1 f

Lean variance Strong variance

Fuel Dirac’s
peak

4

Oxydizer Dirac’s peak

Figure 11.9.2: Examples of presumed PDF: cheapest form.

The determination of the mean concentration is done by integrating the local concentration weighted
by the probability density function. As a matter of fact, integrating the product of a piecewise linear
function by a constant (height of the rectangle) is a very simple exercise: analytic solution is available
(the original formulation [BD78] which uses 8 function was much more computationaly expensive).
In adiabatic condition, the specific enthalpy of the mixture is a linear function of the mixture fraction
(the enthalpy is not modified by the reaction). As for premixed combustion, the following assumption
is done “the hotter the gases, the worse the heat losses”, so the enthalpy of pure oxidizer and fuel are
supposed to be not modified in permeatic conditions, the enthalpy of products hg (at the stoechiometric
mixture fraction) is an unknown or auxiliary variable. The enthalpy of the mixture is supposed linear
piecewise with f (like concentrations but with an unkwnon at fs) and the resulting mean enthalpy
(weighted by PDF) is linear in hs. Fitting with the equation for the mean enthalpy (which takes in
account radiation and other heat fluxes), hs is determined and, consequently the temperature at fs
and the mean temperature can be computed.

As an example of the capabilities of the simple pdf used in Code_Saturne, computations for the deter-
mination of the value of this auxiliary variable are detailed hereafter.
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Figure 11.9.3: Enthalpy of products is determined to take in account the heat losses.
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(11.9.9)

£ } (11.9.10)
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1
| PG = Dodox+ Dihia

(f30 = f70)

+ H hoy (f?,é_fl,f) — H hoy 2 f
S

Ho, ; 2 terms

fS (f2,r - fl,r)
(fs—1)
Hpel 5 2 terms

(f22,€ - f12,£) B (f2,r - fl,r) (f22,r - f12,r)
H%{ 27, (=D 2R

H™ ; last terms

(f22,r - flz,r)

+ thuel Q(f—l)
s

— H hpyal (IL9.11)

With h, enthalpy on the lean side of fs, h, enthalpy on the rich side; Dy the Dirac’s peak in pure air,
D, Dirac’s peak in pure fuel, f; begin of rectangle, fo end of rectangle, H heigth of rectangle.

This expression for enthalpy includes a last term linear in hg , identification with the transported
enthalpy (solved with source term for radiation and so on) allows to determine its value:

7 h— [DO-hair + Dl-hfuel + {HOX + Hfuel}}

/ WP =h e b= T (119.12)
0

9.3.3 Partial premix: Libby Williams models

Code_Saturne has been the test-bench for some versions of Libby-Williams model [LWO00], like for the
models implemented and then incremented by [RCP04] and [RO5].

The Libby & Williams model have been developed to address the description of the combustor can of
gas turbine in regime allowing a reduction of NOx production using (sometimes very) lean premix. By
this way, the combustion occurs at moderate temperatures avoiding the hot spots which are favourable
to thermal NOx production. Because of the moderate temperatures, the chemistry is no more so fast
and the stability is questionnable. To ensure it a diffusion flame called pilot takes place in the center of
the combustor. So, if the main flow is premixed, both pure fuel and pure oxidiser are introduced in the
combsutor leading to continuous variation of the equivalence ratio (always the mixture fraction).This
situation is clearly out of the range of both EBU and PDF models, moreover the limitation by the
chemistry is needed (for stability studies).

Originally, Libby & Williams proposed a presumed PDF made of two Dirac’s peaks, Ribert showed
that this PDF could be determined with only the mean and the variance of the mixture fraction and
a reactive variable (by now, the mass fraction of fuel is used). Then some undeterminations seem
awkward and Robin et al. propose a four Dirac’s peaks PDF whose parameters are determined with
the same variables and the solved (transported) covariance (of the reactive variable and the mixture
fraction) as an extra solved field. With the condition corresponding to every Dirac’s peak, a global
chemistry description is used (the source term for every variables is a weighting of the reaction fluxes).

With two peaks distribution, the two-variable PDF is restricted to one line, crossing the mean state
and the slope of which is the ratio of variances (choice of the sign is user free, ... but relevant: expertise
is needed). The correlation between variables is unity. On this line the distribution is supposed to
obey a modified Curl model [Cur63].

With three or four peaks distribution, the whole concentration space is available and the determination
of the covariance allows evolution of the correlation (with f and Y'f, it has been shown that the
correlation is positive in mixing layer and can become negative across the flame: the particle nearer of
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Figure 11.9.4: PDF recommended by Libby & Williams: still undetermined.
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Figure 11.9.5: PDF form in LWP approach: succesive modified Curl distributions.

In adiabatic conditions, the temperature can be computed for every pair (f,Y fuel), allowing the
determination of the kinetic constant.
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As previously, with heat losses, it is assumed that the hottest gases have lost the more (of their
thermal enthalpy), the enthalpy of the products at stoechiometric point (fs,0) is an auxiliary variable,
the enthaply being considered as a piecewise bilinear function. Fitting mean transported enthalpy and
integrated ones, allows to determine the enthalpy of stoechiometric products, then the enthalpy and
temperature in the peaks conditions and, in fine the reactions fluxes.

9.3.4 Numerical Recipies for PDF

Some applied mathematics are involved in pdf parameters determination (rectangle and modified Curl)
and for integration (species mass fraction, temperature, density and so on).

Some tests, done by [Sapll] show weak discrepancies between species mass fraction with respect to
the shape of the PDF (among Beta, rectangle and peaks, Curl; for similar mean during variance
dissipation).

Rectangle and Dirac’s peaks probability density function

This type of pdf is used in diffusion flames both for gas combustion or dispersed fuel ones (coal and
heavy fuel oil). In gas mixture, the pdf is build for an equivalence ratio for fuel (inert scalar variable)
ranging on [0, 1]. For dispersed fuel, due to vaporisation, or pyrolysis, and heterogeneous combustion
two or three gaseous fuels are taken in account, each of them having its own inert scalar, so the PDF is
build for an inert scalar which is the total of passive scalars for volatiles matter (coal and biomass) or
hydrocarbon vapor (heavy fuel oil). The algorithm for pdf parameters determination, can be written
in a general form on every variable’s range.

If the allowed range for the variable iS [ fmin; fmax), knowing the mean and variance of the variable allow
to determine first the shape (alone rectangle, rectangle and one Dirac’s peak at one boundary, two
Dirac’s peak at boundaries and rectangle) and then, the three pertinent parameters (three conditions
given by momenta mg = 1,m; = mean, my = mean? + variance).

1. For a lonesome rectangle Dirac’s peak intensity is null, the three parameters are: the begining
and end values of the rectangle and its heigth.

2. For a rectangle with a Dirac’s peak at one boundary (which is determined during the choice of
shape), one of the rectangle edge is fixed at this boundary, so the three parameters are : the
other rectangle edge, height of rectangle, intensity of the Dirac’s peak.

3. For a two Dirac’s peak distribution, both rectangle edges are at the boudaries, so the parameters

are the rectangle height and the Dirac’s peak intensity.

The choice between the four possible forms can be done by previous test on the variance. Defining v
and vs by:

1 P _Fe-3p

f< 5 = vl = 3 ,7 v2 = —3 ) (I1.9.13)

?2% IR el s f) . (1*f)~(2;3-(1*f)) (1.9.14)
Vf = ol =min (J; (- ) (I1.9.15)
VF = U2—max( 2g3f (1 f)-(2;3-(1—f))) (11.9.16)

Depending on the value of variance and naming Dy and D;, the Dirac’s peak magnitude, fo and f3
the begining and end of the rectangle and h its height, the determination is:
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1. if the variance is lower than vy, the pdf is only made of a rectangle (symetrical with respect to
the mean)

Do=Di=0; fo=f—\[3f2; fo=F— /37 (IL9.17)

2. if the variance is greater than ve, the pdf is made of two Dirac’s peak and a rectangle (over all
range); (be careful the mean of square is neither the variance nor the square of mean; but the
sum of them)

fo=0; fs=1; Do=3.f2—4f+1; D; =3.f2-2.f (I1.9.18)

3. if the variance is greater than v; and lower than ve, the pdf is made of only one Dirac’s peak (in
0 if the mean is lower than one half in 1 otherwise) and a rectangle.

~ "‘2’ ~
fg% = Dl:O?f2=0;fs=32'_J};Do=1—2.<]{;> (11.9.19)
i L L 3f2—Af41  2f-1-f
fz5 = Do—o,fg—l,frz_w,pl_ﬁ

4. every time, the height of the rectangle obeys the same relation :

1— Dy— D,
h— 11.9.20
fa—fa ( )

Curl distribution

The Curl distribution is only composed of two Dirac’s peaks. Such a distribution needs four parameters
(two positions and two amplitudes), only two moments (mean and variance) are known, the completness
is the third, so an extra assumption is needed : the standard Curl distribution assumed amplitudes
values (the mean for the richer, the remainder to one for the leaner), a modification of the Curl
distribution is given by an extra constraint : use of recurrence relation between Beta function allows
to determine the third moment ( linked with skewness) and to modify amplitudes of peaks. In this
Code_Saturne release, only regular Curl distribution is implemented and used (discrepancies in species
mass fractions using the modified Curl are not worthy of this option introduction). Looking for P
and P, the amplitudes, and f; and f5 the positions, with constraints from completeness, mean and
variance, it comes :

P+P = 1=P=1-P (I1.9.21)
- f—P.f1
PifitPofy = fopp=i-BS1 (11.9.22)
1- P
PLfP+P.f = P=f+= (11.9.23)
A=f- \/J‘A”E.l A (11.9.24)
Py
. [ P
_ 2 1
=T\ "R (11.9.25)

f1 and f> may be inside [0, 1], the first proposal by Curl (in the context of liquid-liquid extraction,
the interfacial mass flux does not modify mass of each phases) is:

Pi=1-fiP=f

fi=F41- o (11.9.26)
fA=F)
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Obviously, maximal value of variance induces Dirac’s peak positionned at boundaries.

Formulae in (I1.9.21) can be used to determine the peak’s magnitude if any extra condition is retained.
In the context of pdf, the Beta function have the fame of fairly good representation of micro-mixing,
so the third momentum of a Beta distribution is easy to determine (thanks to recurrency), used as a
constraint for a modified Curl model, it comes :

T a+2

3= —— "~ f2 11.9.2
=3 +5+2 / (I1L.9.27)
— —2 o r
pi g 1Z2f — (I1.9.28)

f A=+ f
PP A+ —s P {44+ =—5 2 +1=0 (11.9.29)
f//2 f//2

Some numerical evaluations don’t show large discrepancies (among mass fraction or temperature) so this
option is not currently available.
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9.4 Coal, Biomass, Heavy Oil combustion

9.4.1 Introduction

Pulverised coal combustion is described (excluding grid burning) allowing the use of mixture of coals
(or of coal and biomass) and a description of granulometry (as many classes of initial diameter as
wished). After a particle enters the furnace, radiation increases its temperature.

1. As particle’s temperature increases, evaporation of free water (if any) begins. During evaporation,
the vapor pressure gradient extract some water from the particle. The interfacial mass flux brings
some mass, water and enthalpy (computed for water vapour) then latent heat is taken from the
particle’s enthalpy so the heating is slowed (during evaporation, the water can’t reach the boiling
point). Fuel oil is supposed to be dry.

2. After drying is achevied, the temperature reaches higher level, allowing the pyrolysis phase to
take place. The pyrolysis is described by two competitive reactions: the first one with a moderate
activation energy is able to free peripherals atoms group from skeleton leaving to light gases and a
big amount of char; the second one with an higher activation enrgy is able to break links deeper
in the skeleton leaving to heavier gases (or tar) and less char (more porous). So a complete
description needs two sets of three parameters (two kinetics ones and a partitioning one):

Coal = (ko1, To1) = Y; {Light Volatiles } + (1—Y;) {Char},
Coal = (ko2, To2) = Yo {Heavy Volatiles } + (1 —Y2) {Char},

where Y7, the partitionning (or selectivity) factor of the ”low temperature” reaction is less than
Y5, the 7 high temperature” one. A practical rule is to consider that the same hydrogen can
bring twice more carbon by the second reaction than by the first one. When ultimate analysis
are available both for coal and for char, it is relevant to check partioning coefficient (Y;) and
composition of volatiles matters (mainly ratio of Carbon monoxide and C/H in the hydrocarbon
fraction): assumptions on volatiles composition gives partitionning coeflicients; assumptions on
Y; determine volatiles equivalent formulae. Pyrolisis interfacial mass flux brings energy of volatile
gases (computed at the particle’s temperature) in wihch the formation of enthalpy of gaseous
species differs from the coal one’s, as a result, the enthalpy for pyrolisis reaction (the most ofen,
moderate) is taken from particle energy.

The heavy fuel oil undertakes a set of physico-chemical transformation: light hydrocarbons can
evaporate while the heaviest undergo a pyrolisis. With a few data, only a temperature range is
available for mass loss of droplets: the heat flux is shared out between warming of the remaining
liquid and evaporation enthalpy. At the very end of theses processes a solid particle is leaved,
mainly made of a porous carbon similar to char.

3. After pyrolysis and evaporation, when every volatiles are burnt, oxygen is able to reach the
surface of the char particle. So heterogenous combustion can take place: diffusion of oxygen
from bulk, heterogeneous reaction (kinetically limited) and back diffusion of carbone monoxide.
The heterogeneous oxidation interfacial mass flux is the difference of an incoming oxygen flux
and an outcoming carbon monoxide mass flux, each of them at their own temperature. The
incoming oxygen has a zero valued formation enthalpy (reference state) and the outcoming carbon
monoxide has a negative formation enthalpy, as a result, the enthalpy liberated by the first
oxidation of carbon is leaked in the particle energy, contributing to its heating. The heterogenous
combustion is complete if all the carbon of the char particle is converted, leaving an ash particle.
Unburnt carbon can leave the boiler as fly ash. The heterogeneous reaction is written as following:

1
Char + 502 = (ko,het ) To,het) = CO
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4. In the same way, after pyrolysis vanishes, gasification can take place by :

Char+COy = (koge , Toge) = 2CO,

Char + HoO = (kO,gW s TO,gW) = (CO+ H,.

This version is able to deal with many class of particles N¢jsses, €ach class beeing described by an
initial diameter and a constituting coal. Every coal, among nchar is described by a complete set of
parameters: immediate and ultimate analysis, low heating value (at user choice on raw, dry or pure)
and kinetic parameters (for the two competitive pyrolysis reaction and for heterogeneous reaction).
This allows to describe the combustion of a mixture or coals or of coal and every material following the
same evolution kinetics (woods chips ...). It is, obviously, possible to mix fuels with (very) different
proximate analysis, like dry hard coal and wet biomass.

Subroutines allowing the user to describe inlets are dedicated to standard combustion: some inlets are
for coal (eventually blend)and a gaseous media, others for oxidizers. If needed, a deeper modification
allows to describe co-combustion of coal and some gases ... described as volatile matter from a coal.

The heavy fuel oil injection is described by a thermodynamic data file and granulometry, neither blend
nor coal / oil mixing is possible.

9.4.2 Enhancement of diffusion turbulent reaction for two phase
combustion

With a Probability Density Function and the assumption of concentrations piecewise linear vs. the
variable, it is quite easy to integrate and found the mean concentrations. For gas diffusion flame this
is done by d3pphy, d3pint, it seems more relevant to explain the algorithm in a more complicated
case: for coal, biomass and heavy fuel oil, in multiphase gas combustion five reactions can be
considered.

1. 1) gases issued from slow phenomena (vs. turbulent mixing) as heterogeneous combustion and
gasification, both by COs and H2O are mixed with various oxidizers; if any gasification by HoO
has been undertaken, some Hs is released. This (an industrial combustor is not a gasifier) amount
is supposed to recombine as a reaction prior to mixing and main turbulent combustion.

2. 2 and 3) Coal is assumed to undergos two competitves pyrolysis reactions, the first releasing
organic compound summarized as CH,1, the second releasing CH,o (with 1 > z2), both of
them releasing CO. The first reaction to occur in the gas phase is the partial dehydrogenation (
lowering saturation) of CH,; to produce water vapor and CH,s. Then the CH,s (produced by
pyrolisis or by C'H,; partial oxydation) is converted to water vapor and carbon monoxide.

3. 3 and 4) Heavy fuel oil is supposed to undergos a progressive evaporation, releasing a fuel vapor
CH, (obviously unsaturated, close to CHj), CO, H2S and a char particle. Two reactions are
supposed to succeed. First, the conversion of CH, to water vapor and C'O. Then the oxidation
of HyS to water vapor and SO,.

4. 5) if conversion of CO to COsy is assumed to be fast, this complete reaction is also ruled by the
variance dissipation. (Be careful, some CO (from heterogeneous oxidation and gasification) is
still mixed with the local mean oxidiser).

Both for coal and heavy fuel oil, the assumption of a diffusion flamelet surrounding the particles is
done. All of the reducing gases issued from fast phenomenon are supposed mixed (to constitue a local
mean fuel) and the diffusion flammelet takes place between this mixture and the mixture of oxidisers
(air, oxygen, recycled flue gas) and gases issued from slow phenomenon: water vapor (from drying),
carbon monoxide (from heterogeneous combustion and gasification of char if CO oxidation is not fast),
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hydrogen (product of gasification by water vapor); then the ”mean local oxidizer” is no more unreactive
and the recombination of hydrogen have to be done first. Depending on the composition of mean local
fuels and oxidizer, stoechiometries can be computed for the five (or four) successive reactions, molar
composition can be easily computed and weighted by the pdf (built on [0 , 1] for the sum of fast fuels).

If carbon monoxide final oxidation is not supposed to be fast, after this turbulent reaction, the amount
of carbon dioxide is null, an equilibrium value is computed (with respect to the total amount of
carbon and oxygen and to the enthalpy) and the value of carbon dioxide transported is compared
with the equilibrium, according to direction of the discrepancy, a relaxation term is computed with
a caracteristic time (oxidation’s one if the mass fraction is below the equilibrium, dissociation’s one
otherwise -situation encountered with exhaust gas recycling).

In this release, coal is not supposed to contain any sulphur and heavy fuel oil is supposed to release
only one (unsaturated) hydrocarbon. The general subroutine is then feeded with some nil values (e.g.
in heavy fuel computation, the tracer f1 dedicated to saturated hydrocarbon is not resolved, and the
call of the subroutine is done with a zero scalar).

This structure is supposed to allow further developments: coal, or biomass, with sulphur, detailed
mechanism for heavy fuel oil decomposition (leading to both CH,; and CH,s), and so on.

A
Y

Figure 11.9.6: Condensed Fuels before any gas combustion.

Before reaction between gases, only exist species coming from inlets or interfacial source term: CO
in mean local fuel (i.e. fi + fa = 1) comes from devolatilisation, CO in mean local oxidizer (i.e.
f1+ f2 =0) comes from heterogeneous reactions of char.

During pulverised coal combustion, two kinds of volatile matters are considered and the sketch of
concentrations during the three successive reactions is quite similar.

Every reaction (but, possibly the final conversion of CO to C'Os) are supposed to be fast compared
to the turbulent mixing, but among these reactions some can be faster; here, a priority rule to access
oxygen is established (the more eager —for oxygen— the specy, the faster the reaction).

The first reaction is a partial dehydrogenation of the light volatile C H,; to form the species caracteristic
of heavy volatile CH,o: in fsl, all of CH,; (issued from the low temperature pyrolisis reaction) is
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converted, and the C'H,o (issued from the high temperature pyrolisis reaction) is incremented.

1 xl —x2

— 22
Txo2 = OHy + —5— H;0.

CHrl + L

0 fsd fs3 fs2 'fs1 1' F1+F2

Figure 11.9.7: Condensed Fuels after hydrocarbons conversion.

The oxygen and the hydrocarbon vapor have linear concentrations in f(1+2) on [0, 1]. As long as the
stoechiometry of the reaction is known, a simple equation allows to determine fso the stoechiometric
point for the second reaction (where both oxygen and hydrocarbon vanish). The second reaction is the
conversion of some hydrocarbon vapor to carbon monixide and water vapor (not plotted in an optimistic
attempt to lighten the sketch).

2422

CHyy+ =0, = CO+ gHgO.

Then the rich area can’t undergo any reaction (no oxygen available) if the PDF(f) is not zero before
Fs2, then some C'H, is unburnt.

Some H5S can be converted to SOs, the carbon monoxide existing between fs2 and 1 is protected
from oxidation (the two first reactions have destroyed the free oxygen). Like previously, oxygen and
hydrogen sulphide have concentrations linear in f on [0, fs2] as long as the stoechiometry of the
reaction is known, a simple equation allows to determine fs3 the stoechiometric point for the third
reaction (where both oxygen and hydrogen sulphide vanish).

H>yS + 202 = SO, + H>0.

If the final conversion of carbon monoxide to carbon dioxide is assumed fast (with respect to variance
dissipation) a last reaction is taken in account:

1
CO+ 502 = CO0s.
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Figure 11.9.8: Condensed Fuels after hydrocarbons oxidation.
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Figure 11.9.9: Condensed fuels after H2S oxidation.
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CHx1

Figure 11.9.10: Condensed Fuels after final oxidation of CO.

Comparisons of the PDF rectangle hedges [faeb, fan] and remarkable composition points [0, fgy4, fs3,
fs2, fs1,1] allows a simple integration: 1) Dirac’s peak intensity are used to weight composition at
boundaries, 2) the piece linear part is integrated with analytical formulae on each band:

1. rich range, here existing species with the higher calorific value:

CH, (in fuel case) or CHys (in coal case): [max(faen, fg1); min(fend, 1)]
upper-middle range C'H,; conversion: [max(fdeb, f52); min(fend, f51)]
middle range H»S conversion: [max(faeb, fg3); min(fend, fs2)]

working range, carbon monoxide consumption frees enthalpy : [max(fden, fg4); min(fend, f53)]

AR B S

poor range, only products and oxidisers: [min(faeb, fs4); Min(fend, fs4)]

For each band (eg. [fs;, fsy]) concentrations can be written:
f — fsz

fsj - fsi
Integration on the band [bl , b2] (obviously b1 > fs; and b2 < f,;) gives the increment:

Ye(fsz) fsj - Ye(faj) faz + Ye(fsj) - }/e(f\sz) bl + b2
fsj_fsi fsj_fsi 2 ’
where hgge is the height of the PDF’s rectangle.

Ye:Ye(fsi)+ (Ye(fsj)_Ye(fsi))'

Y, := Y, + huge (b2 — b1)

9.4.3 Specification of pyrolysis

Coal is currently known by its proximate and ultimate analysis. Ultimate analysis of char can be
known or assumed pure carbone. The point is to determine the amount of volatile matter and their
composition; the following assumptions are every time done:
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1. sulphur is released as hydrogen sulphide (H>S),

2. nitrogen is released both in HC'N and N Hj, with a ratio which is an user’s prescription
Three ways are available:

1. The volatile matter content determined during the proximate analysis is supposed to be rep-
resentative of Y] selectivity in volatile of the first reaction (Kobayashi description involves two
parallel reactions, the first has a low activation energy and produces ligth volatile matter, the
second one has a high activation energy and produces heavy volatile matter). Oxygen is released
as carbon monoxide. No water steam (linked water) among volatile matter. So the formulae for
the mean hydrocarbon is determined as x1 in CH,;. The heavy, unsaturated, volatile issued
from the second reaction are caracterised by x2 as an half of x1; with the same assumption for
oxygen, Y5 can be computed. User has to check for 1 and x2 likelihood (between 1 and 4).

2. When the proximate analysis is not known, x1 is assumed to be equal to four (methane is a fairly
good model for light volatiles) and 22 is assumed to be equal to 2 (ethylene and other species
with double bound are good models for unsaturated species), then selectivites Y7 and Y3 can be
deduced ...and checked (under one).

3. Large amount of oxygen appears in the ultimate analysis of biomass and low rank coal (lignite
or peat) then linked or bounded water is released during pyrolisis (a chemical mechanism taking
place at higher temperature than the physical drying which releases the ”free” water). In this
case, an extra parameter have to be determined (number of water molecules released during
pyrolisis), so the user may stipulate both x (in the formulae for hydrocarbon C'H,, as previously
4 and 2 respectively) and Y (the selectivity in volatile matter, the proximate analysis set Y7 and
Y3 is assumed from empirical criterion, e.g. (1 + Y71)/2).

Detail of computation: From ultimate analysis of coal (or heavy fuel o0il) and char (if ultimate
analysis of char is lacking, the pure carbon assumption is welcome), global formulae for the ”monomer”
(refering to one carbon, so ch...cs and kh...ks are easy to compute) can be deducted. Then, the reaction
(pyrolisis and / or evaporation) transforming the original fuel in a mixture of gaseous ones and residual
char can be summarized as:

CH:pOcoNenSes = a.CHp +b.CO+c.HO+d.HyS+e.HCN + f.NHjy
-I—(]. —a—b— 6).CHkhOkoNanks.

The stoechiometric coefficient for char monomer beeing deducted from Carbon conservation, five equa-
tion can be written: four for the conservation of elements (H, O, N, S) and one defines the gas
selectivity.

Hydrogen budget c¢h = ax+2.c+2d+e+3.f+(1—a—b—e).kh,
Oxygen budget co = b+c+ (1 —a—b—e).ko,
Nitrogen budget c¢n = e+ f+(1—a—b—e).kn,
Sulphur budget ¢s = d+(1—a—0b—e).ks,
mass ratio of gases or selectivity
a.(12+z) + .28+ ¢c18 +d.34+ €27+ f.17 = Y.(12+ ch+ 16.co + 14.cn + 32.cs).

But, eight unknown are involved (a, b, ¢, d, e, f, 2, Y), so three extra conditions are needed to solve
the linear system (if ax is considered as an auxiliary unknown instead of x):

1. User assumes the repartition between nitrogenated species by fixing reference numbers ei and fi.
The equation ei.f — f;.e = 0 can be added to the system.
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2. if the proximate analysis can be used to determine the ratio of gases issued from an high rank
coal or fuel, Y is know and ¢ (number of water molecules issued from decomposition) can be
assumed nil. Equations Y =Y; and ¢ = 0 are added.

3. without relevant information about the selectivity, assumption have to be done on z (is the
released hydrocarbon saturated or not?), and ¢ can be again assumed nil. Equations a.x; —az =0
and ¢ = 0 are added.

4. oxygenated fuels (biomass, lignin) contains bounded water to be released during pyrolisis, so
proximate analysis (for Y) and assumption about the kind of hydrocarbon (for z) are needed.
Equations a.z; —ax =0 and Y =Y, are added.

Then a 8 times 8 linear system is defined and can be solved by regular algorithm.

9.4.4 Specification of granulometry

User has to choose the initial diameter of different classes and the sharing out of the inlet flow. The
distribution is often known by some diameters (quantile or sieves) from which parameters of an assumed
Rossin-Ramler law can be fitted (least squares). Then choosing the number of classes and flow partition
allows computation of the initial diameter of each class. Obviously, the finest particles or droplets are
responsible for the ignition and stability of the flamme and the biggest ones are responsible for unburnt
carbon in ash. So two common descritions are ten classes, each of them with a tenth of the flow, or
five classes with (0.1, 0.2, 0.4, 0.2, 0.1) of the flow. The second way is nearly two times cheaper (in
computer time) but includes the same extreme diameters.

By definition of the Rossin-Ramler law as used in granulometry, the mass fraction associated with
particles finer than a diameter obeys:

P(d;) = 1 [ di n]

i) =1 —€exXp|— )

! DTYL

where, surprinsgly, n is not an integer (but a real) and D,, is the median diameter. When only
two data are available (pass through two sieves, extreme deciles or quartiles) the determination of
Rossin-Ramler law parameters is direct:

Pld) = 1-exp [—E;n}, (11.9.30)
P(dy) = 1—exp [—gin] (I1.9.31)

The logarithm forms of (Egs. 11.9.30-11.9.31) are the following expressions:

(dl) = —log(1—Py), (11.9.32)
Dy,
do \"
<> = —log(1- B). (11.9.33)
Dy,
The logarithm forms of (Eqgs. 11.9.32-11.9.33) are:
n.[ log(di) —log(Dy,) ] = log[ —log(l—P1) ], (I1.9.34)
n.[ log(da) —log(Dy,) ] = log] —log(l— P)]. (I1.9.35)

Using the expressions (Egs. 11.9.34-11.9.35) we obtain:

. [1og(1 - Pl)}

n = log(1 = 1) (I1.9.36)
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and D, is easily deduced.

When more data are available, the second logarithm relation gives a cloud of couple (log(d;) , log[ —
log(1 — P;) ] ) among which a linear fit is looked for (n, n.log(D.,)):

n.log(d;) — [ n.log(Dy,) ] = log[ —log(l —F;) ], (I1.9.37)
ax;+b = y;.

Least square formulae are then used ... after a data transformation (two logarithm) relevant for the

distance.
N N N
N> wiyi— > @i > v
i=1 i=1 =1
N N 2
NZQ:ZQ — <Z xz>
i=1 i=1

: (11.9.38)

where N is the number of data.

N N
NZlog Jdog[ —log(1—P;) ] — Zlog(di). Zlog[ —log(l1 - F;) |

"= N N 2 ’
N log(di)® — (Z log(di)>
N N N z:]\; -
p — =l =l i=1  i=1
N N 2 ’
Nfo — (Z 9:1>
N - N
Z log[ —log(1— P; Z log(d;)* — Z log(d Z log(d;).log] —log(l— P;) ]
—n.log(Dy,) = =L =1

NZIOg(di)z - <Z log(di)>
i1 i—1

After this laborious identification of parameters (done using Excel), the determination of the mean
diameter of each mass class is obtained from the definition of the rossin-Ramler law:

d; = Dy, [~1log(1 — P,)](#). (I1.9.39)

As an example, if the user chooses the (recommended) sharing out [0.1,0.2,0.4,0.2,0.1], the corre-
sponding diameter are deduced from the mean cumulated mass as:

Ay =01 : S=01 : 1—MCM, = 1—% 095 = d,=Dm | —log(0.95) "),
Ap=02 ; =03 ; 1-MCM,= 1—% —080 = dy=Dm | —log(0.80) (%),
As=04 ; $3=07 ; 1-MCOM;= 1—% =050 = dy=Dm [ —log(0.50) (%),
Ay=02 : ¥,=09 : 1—MCM, = 1—@ 020 = dy=Dm [ —1log(0.20)](+)
As=01 ;: $5=1.0 : 1—MCMs— k% —0.05 = ds=Dm | —log(0.05) ).

With such a symetrical mass distribution, the diameter of the central class is the median diameter of
the Rossin-Ramler (i.e. half of the mass is contained in more tiny particles).
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9.4.5 Special attention paid to variance

With the gaz phase combustion model, everything is quite simple: two variables are relevant, the mean
and the variance of the mixture fraction. With the two phase combustion model, a lot of mixture
fractions are defined and the pdf model is constructed for the sum of the two mixture fractions related
with volatiles. So the source term related with the square of the gradient of the mean can’t be computed
as for regular variance (the gradcel subroutine is called for the sum).

In Code_Saturne homogeneous two phase flow, only one velocity is defined, and all variables refer to
the bulk (sum of gaseous and condensed phase), but the pdf has to be defined only in the gas phase.
So phasic mean and variance have to be defined, with the special difficulties of variables undefined in
the condensed phase (f; is a mixture fraction in gas on mixture: kg coming from i/kg of mixture):

- 2

=X (24 )+ X0 = 2y = . sz , (I1.9.41)

- A2

. N2

2
. fXQ B (1 _fX2> ’ (11.9.42)
U N2
112% _ (f)2 + f//2 f

S I (1 _X2> : (11.9.43)

72 X, 2
e 1{X2 4 2%2)2, (I1.9.44)

112% }r//z - %(f)z
e —t— (I1.9.45)

Only this phasic variance (the part of the variance in the gas phase) is able to dissipate: so, the second
part of the source term for variance has to be modified.

Last but not least, mass flux crossing the interface (pyrolisis fluxes) are made of pure volatile matter
and mixes with a gas at any value of mixture fraction mean. So the interfacial flux constitutes a source
term for the mean and for the variance, following Escaich [Escl1], the closure would be:

S =T. ( for — f) . (2. fr— fou — f) , (I1.9.46)

in which, T is the mass flux, fr is the value of the mixture fraction in the flux (1 for pyrolisis or
fuel evaporation), fep, is the value of the mixture fraction in the boundary layer ... to be closed by
a relevant assumption: from laminar or turbulent diffusion (to do in coal_variance_source_term or
fuel variance_source_term, not available for regular users).

With an assumption of laminar diffusion around each particle able to transport the mass flux:

L=1-(1-f)e :

Jor ( f)exp [271'de}

When mass flux is huge, the diffusion can’t stay regular around each inclusion: if the variance is
maximal (intermittency assumption), the boundary layer can’t be no more distinguished from the
mean, if the variance vanish, the boundary layer is quiet and made of outing gases:

B }77'2
oL — —+ — —_——=.
I Jo+(f— fr) Fa=p

This special assumption allows a term source for variance easy to implicit in order to avoid overshoot
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(the variance have a maximal value related to the mean):
2 12 2
Swo =T (fr—F) 41| =L
=0y 7

9.4.6 Nitrogen oxides (NOx)

Nitrogen oxides are a key pollutant, an accurate prediction is difficult but the relative effect of modi-
fication (of fuel, of stagging, and so on) is a reachable goal. Hereafter, the two main ways of nitrogen
oxides formation are supposed to be thermal NOzx (reaction between molecular nitrogen and radical
oxygen activated at the higher temperature) and fuel NOx (resulting from the oxidation of nitrogen
originating from fuel) are described and taken in account in the Code_Saturne model for diphasic
combustion. The third way, resulting of reaction between the molecular nitrogen and hydrocarbon
radicals is assumed negligible in diphasic combustion; its contribution is worthy of attention only for
gas combustion (especially in dry low NOz combustor for gas turbine).

Thermal NOzx

In the Zeldovich mechanism, the rate of the key reaction, between molecular nitrogen and radical
oxygen, has a simple expression thanks to an assumption of equilibrium applied on oxygen dissociation,
leading to:

Ny + 02 = 2 NO,
—66 900

WlNO = 3.4 1012. exp |:M

] [Na] . [04]2.

This production term has to be evaluated in each fluid particle because it is not only non linear
(with respect to mixture fraction) but submitted to segregation: the hottest particles are near the
stoechiometric point ... where oxygen is exhausted (and vice versa). As a consequence, simplest
approximations, neglecting covariances, are not satisfaying:

Wino # fovoxp | o= [Fa] . [02]

Taking in account only the mean temperature, the contribution of hotest fuilds particles disappears
and nitrogen oxide formation is under estimated.

The source term for thermal NOx has to be integrated following the example of others turbulents
variables (like species mass fractions). In the turbulent oxydation model, mass fraction of species are
known linear piecewise functions, the oxygen fraction is positive only between the mean local oxidizer
and fs3 the stoechiometric point for the ”last” reaction (H2S conversion), the post conversion of carbon
monoxide to carbon dioxide is assumed to result from a relaxation to the thermodynamical equilibrium
computed with mean values. The stoechiometric point corresponding to this last reaction is no more
necessary to the turbulent computation but for temperature evaluation: as, by now, the mean local
oxidiser includes some carbon monoxide (originating from heterogeneous reactions involving char), it
can’t be no more supposed unreactive, assuming a linear profile for oxygen, and carbon monoxide,
between the local mean oxidiser and the point where hydrocarbon oxidation is finished, the mass
fraction in the local mean oxidizer are auxilliary unknowns the value of which is determinated by
equalizing the transported value for the carbon monoxide (which involves the effect of relaxation to
equilibrium) and its integrated value (taking in account the local pdf).

Assuming the entalpy piecewise linear with the enthalpy in fs4 considered as an auxilliairy unknown,
which can be determined by equalizing the integrated enthalpy and the transported one (the tranport
equation of which includes radiation losses), then the temperature piecewiselinear with respect to
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Figure I1.9.11: Mass fractions of reactive species, turbulent reaction then kinetical relaxation, enthalpy
with radiation losses.

the mixture fraction, the numerical integration of the source term is now available, using a regular
trapezium method with 200 points (between the pdf’s rectangle begining and the minimum of fs3 and
pdf’s rectangle end).

Fuel NOx

The nitrogen included in the organic part of the fuel (can be a significant part of some biomass, like
agricultural residues, oil cake and so on) evolves to HCN. This reducing form of nitrogen can be
oxydised either by oxygen or by nitrogen oxide:

1
HC’N+ZOQ = NO+§H20+CO,

—30 000

—2vO b
RT

)

W2yo = 31012exp[ }[HCN].[O2
with:
1 if [Oq] < 0.0025,

) ooo018—[0y .
b= ——— if 0.002 01
0018 —0.0005 1 0-0025 <[05] <0.018,

0 if 0.018 < [Oq].
In the last case, NO is reduced to nitrogen: the fuel nitrogen contributes to destroy even thermal NO.

1 1
HCN—FNO—FZOQ = N2+§H20+CO,

—33 500

w3 = 1.210'. ——
NO exp[ RT

] [HCN].[NOJ.
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9.4.7 Conservation Equations for two phase flow combustion

The bulk, made of gases and particles, is assumed to be modelled with only one pressure and velocity.
Scalars for the bulk are:

e Bulk density

Neigsses

Pm = Q1P1 —+ Z Qg ;P2. (11947)
i=1
e Bulk velocity
Neiasses
a1p1Uy + Q2 iP2ls ;
i=1
u,, = ) (I1.9.48)
Prm
e Bulk enthalpy
Nclassea
ap1-Hi + g i p2.Ha
H,, = i=1 (11.9.49)
Pm
e Bulk pressure
P, = P,. (1I1.9.50)

Mass fractions of gaseous medium (z7) and of particles (z3) are defined by:

a1p1
;] = —,
Pm
Neiasses
Q2 4 P2
.’E; _ =1
Pm

By default, the slipping velocitiy between particles and gases is supposed negligible compared to this
mean velocity, that is to say that the velocity of the continuous phase (gas phase) u; and the velocities
of the particle classes u, ; are equal to the bulk velocity w,,, then budget equations for the bulk can
be written as following: (11.9.51-11.9.53):

%pm +div (pmu,) = 0, (I1.9.51)
0 2
5 (Pmt) + iV (1, @ prott,) = div | i (T, + Yul)” = 262 1| = VP + prgl19.52)
0
En (pmHm) +div (pmuy, Hr) = div (urNYHp) + Sm.g, (1I1.9.53)

where the tubulent dynamic viscosity of the bulk is pur = p,, DL .

With the (velocity) homogeneity assumption, mainly budget equation for bulk caracteristic are perti-
nent. So transport equation for the scalar Yy, where k is the phase, can be written:

0 N . " . N
7 (pmzpYe) + div (pmu,, 2 Ye) = div (ur¥ (23Y%)) + Sy, + Ty,

11.9.54
5 (I1.9.54)
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If drift of the particle class to the bulk is taken into account, equation (I11.9.54) reads:

9] : y . «
g (pmaiYr) + div (pmuyziYs) = div (prV (23 Y:)) + Sy, + Ly, (I1.9.55)

with u;, to be either modelled with the drop velocity or transported.

Particles enthalpy: =5 H,

Enthalpy of droplets (J in particles/kg bulk) is the product of solid phase mass fraction (kg lig/kg
bulk) by the specific enthalpy of solid (kg solid/kg bulk). So the budget equation for liquid enthalpy
has six source terms:

I, + Sax — TevapHp,0, vap(T2) = Tdevol, Favi(T2) = Teyol, Huva(T2)
Mg Mco
r Ho (T)) — Heo (T
+ het(MC 0,(T1) Ve co(T2) |,
with

° H/Q: heat flux between phases,
e S, : radiative source term for droplets,
® LevapH 1,0, vap(12) the vapor flux leaves at particle temperature (Hvap includes latent heat),

o TqvoliHmvi(T2) the light volatile matter flux leaves at particle temperature (Hyap includes
latent heat),

o gvoloHmv2(T2) the heavy volatile matter flux leaves at particle temperature (Hyap includes
latent heat),

e T'jct(...) heterogenous combustion induces reciprocal mass flux: oxygen arriving at gas tempera-
ture and carbon monoxide leaving at char particle one.

Continuous phase enthalpy z; /; and bulk enthalpy H,,

Budget equation for the specific enthalpy of the mixture (gas + particles) admits only one source term
for radiative effects Sy, r:
Sm,R = Sl,R + SZ,Ra (11.9.56)

with contributions of each phase liable to be described by different models (e.g. wide band for gases,
black body for particles).

In order to be conservative even with drift is taken into account, x1H; is transported rather than H,,,
which is deduced from the identity H,, = x1Hy + x2Ho>.

Therefore, source terms on x; H; are computed using S7 y — Sz, m,, With a specific care on the opposite
source terms of x9Hs so that it is exact even with the time stepping.

Dispersed phase mass fraction: z}
In budget equation for the mass fraction of the dispersed phase (first droplets, then char particles, at

last ashes) the source terms are interfacial mass fluxes (first evaporation, then net flux for heterogeneous
combustion):

_ Fevap — Fhet — Fga& H,O — Fgas, COy- (11957)
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The fuel is described by only one amount (for each diameter class) under a percentile of the initial
mass (or diameter), the droplet is supposed to become a char particle. Under a more little diameter
the particle is supposed to become an ash particle (inert).

- prroll - prrolz — Thet — Fgas, H>O — 11gas, CO2- (11.9.58)

The coal or biomass particles are described by three mass component: water (free: available for drying),
reactive coal (available for pyrolisis), char (available for heterogeneous oxidation and gasification). The
mass of ash is computed with respect to the number of particles, initial size and initial amount of ashes.
The sum of these four component is the amount of each class (initial diameter and kind of coal).

Number of particles: N;

No source term in the budget equation for number of droplets or solid particles: a droplet became a
particle (eventually a tiny flying ash) but never vanish (all particles have to get out).

Mean of the passive scalar for light volatile: 7

This scalar represents the amount of matter released by the first (low activation energy) pyrolisis
reaction. It is a mass fraction of gaseous matter (in hydrocarbon form or carbon oxide one). So the
source term in its budget is only the pyrolisis mass flux:

r (11.9.59)

pyrol*

Mean of the passive scalar for heavy volatile: F;

This scalar represents the amount of matter which has leaved the droplet as fuel vapour or the particle
by the second (high activation energy reaction), whatever it happens after. It’s a mass fraction of
gaseous matter (in hydrocarbon form or carbon oxide ones). So the source term in its budget is only

evaporation or pyrolisis mass flux:
Ppyrott or Tevap. (1I1.9.60)

Mean of the passive scalar for oxidizers: F; to F;

Budget equation for the three different oxidizers taken in account don’t have any source term.

Mean of the passive scalar for steam from drying: F;

Budget equation for the water steam issued from drying of coal or biomass has one source term:

Ciry- (I1.9.61)

Mean of the passive scalar for carbon from char oxidation: 7
Budget equation for F; hase for source term the mass flux due to heterogeneous combustion (mass

flux of carbon monoxide minus oxygene mass flux). As for F;, oxidation in the gaseous phase does not
modifiy this passive scalar:

Thet- (11.9.62)
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Mean of the passive scalar for gasification by the carbon dioxide: F;

Budget equation for Fg has for source term the mass flux due to heterogeneous combustion (mass flux
of carbon monoxide minus oxygene mass flux). As for Fj, oxidation in the gaseous phase does not
modifiy this passive scalar:

Tgas, CO»- (I1.9.63)

Mean of the passive scalar for gasification by steam: F;

Budget equation for Fy have for one source term the mass flux due to heterogeneous combustion (mass
flux of carbon monoxide minus oxygene mass flux). As for F, oxidation in the gaseous phase does not
modifiy this passive scalar:

Tgas. HrO- (I1.9.64)

Droplets enthalpy: 23 H,

Enthalpy of droplets (J in droplets/kg bulk) is the product of liquid phase mass fraction (kg liq/kg
bulk) by the specific enthalpy of liquid (kg liq/kg bulk). So the budget equation for liquid enthalpy
has four source terms:

! Mo Mco
H2 + SQ$R - FevapHvap(TQ) + Fhet (CHO2 (T]) - CHCO(TQ)) (11965)
with

IT,: heat flux between phases

e S, x: radiative source term for droplets

IevapHvap(7T2) the vapor flux leaves at droplet temperature (Hyap includes latent heat)

et (.-.) heterogenous combustion induces reciprocal mass flux: oxygen arriving at gas temper-
ature and carbone monoxide leaving at char particle one.

Dispersed phase mass fraction: z}
In budget equation for the mass fraction of the dispersed phase (first droplets, then char particles, at

last ashes) the source terms are interfacial mass fluxes (first evaporation, then net flux for heterogeneous
combustion):




Chapter 10

Groundwater flows
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10.1 Introduction

The Hydrogeology module of Code_Saturne is a numerical model for water flow and solute transport in
continuous porous media, based on the Darcy law for flow calculation, and on the classical convection-
diffusion equation for transport. It allows to simulate steady or unsteady flows, saturated or not, with
scalar or tensorial permeabilities, and transport with dispersion, sorption, precipitation and radioactive
decay. Any law, even unlinear, is acceptable for dependances between moisture content, permeability
and hydraulic head.

For the solving of the flow, the Richards equation is used, derived from the Darcy law and the con-
servation of mass. In the general case, this equation is non-linear and must be solved by a Newton
scheme.

From this flow, the transport equation is solved, taking into account convection and diffusion, both
slightly modified to take into account the specificities of underground transport (especially partition
between liquid phase and soil matrix).

Physical concepts and equations developed in this module are detailed hereafter.

See the programmers reference of the dedicated subroutine for further details.

10.2 Groundwater flows
10.2.1 Continuity Equation

The expression of the mass conservation for the water contained in a volume 2 of the subsurface,
delimited by a surface boundary 02, can be written:

p@dQ + / pu-dS = [ pQ.dQ (I1.10.1)
o Ot a0 Q

with:

e 0 is the moisture content (also called saturation) [L3.L~3];
e p is the density of water [M.L™3];
e u is the water velocity [L.T~1];

e (), is a volumetric source term [L3.T71].

By assuming a constant density of water p and using Gauss theorem, the equation simplifies to the
following local expression:

% +div (¢) = Qs (I1.10.2)

As seen in section 10.3, the moisture content can be determined from the pressure head.

10.2.2 Darcy Law

The momentum conservation equation in a continuous porous medium is expressed through Darcy law,
an empirical relationship which shows the proportionality between the velocity of the water u and the
gradient of the soil water potential. This means that motion of water in a porous medium is due to
both the gradient of water pressure and gravity. The following equation describes the pressure head
h, which is equivalent to the water pressure but expressed in a length unit [L]:

h=2 14, (11.10.3)
pg
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with A a constant such that h = 0 at the atmospheric pressure, as a convention. We also introduce
the hydraulic head H:
H=h+z. (I1.10.4)

Darcy law was initially established for mono-dimensional flows in saturated isotropic conditions. It
binds darcian velocity ¢, which is the product of the real flow velocity u and the moisture content 6 of the
medium, to the gradient of hydraulic head. To represent anisotropic conditions and multidimensional
flows, it has to be extended to a tensorial relationship:

g=0u=—KVH = —KVY(h+2) (11.10.5)

where K can be scalar or tensoriel. It is called hydraulic conductivity. By abuse of langage, we also call
it permeability, but in a rigorous sense the hydraulic conductivity is deduced from the permeability of
the soil and the properties of the water. It varies in unsaturated conditions, and depends on the nature
of the soil and the pressure head h (see section 10.3). Notice that the constant A has no importance
in the Darcy equation, neither in the following of the development.

10.2.3 Richards equation

Richards equation is obtained by substitution of the velocity expression given in equation (II.10.5)
directly into the continuity equation (I11.10.2):
00(h)

—5r = div (K(WYH) + Q. (I1.10.6)

10.3 Soil-water relationships

To close Richards equation, two extra relationships have to be given to link the hydraulic conductivity
and the moisture content to the pressure head. The relationship between the moisture content and the
pressure head is usually derived from the soil water retention curve, which is determined experimentally.
The Hydrogeology module permits to define any model of that kind. In the following we denote 6,
the porosity of the soil and 6,. the residual moisture content, which is fraction of water that cannot be
removed from the soil.

In saturated conditions, we have 6 = 05 everywhere, thus 6 only depends on the nature of the soil. As
for the permeability, it usually does not depend on the pressure head in this case, and is also constant
for a given soil.

In unsaturated conditions, the laws used to analytically derive soil hydraulic properties are usually
highly non-linear. The Richards’ equation is thus a non-linear second order partial differential equation
in unsaturated conditions. The method chosen to solve it involves an iterative process used to linearise
the equation as described in section 10.4. Let us give the example of the Van Genuchten model with
Mualem condition, wich is the most commonly used:

- 1 T f
s, = 0—06, _ [1+ |ah|”] 1 h <0 (1110.7)
0s — 0, 1 ifh>0
with n and m two constant parameters.
my 2
L _ . 1/m .
K= { o 5 (1 (1 Se ) ) ifh<0 (I1.10.8)

Ko ifh>0

with Ky a constant not depending on the moisture content. Notice that if A > 0, then we have a
saturated soil. That is because we chose, as a convention (and as explained in section 10.2.2), to define
the pressure head such that it vanishes at the atmospheric pressure. When the soil is saturated, the
permeability is equal to Ky, depending only on the soil.
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10.4 Solving of the Richards equation

In the general case, the laws connecting the hydraulic properties are non-linear. We will have to
implement an iterative process for solving the Richards equation. First, we define the soil capacity C"

C(h) = (11.10.9)

%7
which can be derived from the soil law linking 6 and h. A classical way to solve Richard’s equation
(I1.10.6) is to first transform it with the approximation:

00 oh
5 =C o (11.10.10)
so that it becomes: o
C(h) 5p = div (K (h) ¥(h+2)) + Qs (11.10.11)

this last formulation being called the h-based formulation. The equation ((II.10.11)) can be written
(recalling that H = h + z):

0H

C(H - 2) T div (K(H — 2)Y(H)) + Qs, (11.10.12)
and then discretized in time:
Hn+1 _ Hn
C(H" - z) —Q = div (K(H" = 2)V(H™)) + Q. (11.10.13)

The complete implicitation of the right hand term is made for ensuring stability. The explicitation of
the capacity C is chosen after testing different options and noticing that implicitation does not improve
the results. We will now linearize the equation ((I1.10.13)) and define sub-iterations to solve it. Suppose
that we seek unknown variable H"*! at the sub-iteration k + 1 from its value at sub-iteration k. We
write:

Hn+1, k+1 _ H™

C(H" — %) A7

~div (K(H™ 0 F —2) v(H" M) + Q. (I1.10.14)

The equation ((I1.10.14)), whose unknown is H"*1++1 is a transport equation without convection,
which can be solved by the usual routines of Code_Saturne.

But the approximation ((I1.10.10)) does not ensure a rigorous conservation of mass after discretization,

because we do not have:
htl _ pn - 9(h"+1) _ e(hn)

At At
Anyway, it is still possible to define the exact residual:

o)

hn+1 — R B a(hn+1) _ e(hn)
At At

R(R™, "t = C(h™) (I11.10.15)
and to mix it into the discretized and linearized formulation ((II.10.14)) at the sub-iteration k, to
obtain:

Hn+1, k+1 _ H"
CH"—2z) —m ———— ~
( z) A7

div (K(H" ™ F = 2)V(H" T M) + Qs+ R(H™ — 2, H™ ™ % —2). (I1.10.16)

As equation (I1.10.14), this can be solved by the usual routines of Code_Saturne. Then the sub-
iterations, if they converge, lead to the exact solution of:

a(thrl) _ e(hn)

A7 = [div (K(n"HY(H™)]” + Q. (I1.10.17)
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where exponent D represents the spatial discretization of gradient - divergent operator in Code_Saturne.
This discrete operator is rigorously conservative, thus the global volume of water:

/ 04,
D

where D denotes the entire domain, is conserved in a discrete sense (provided that there is no physical
loss at the boundaries).

10.4.1 Finite Volume method in Code_Saturne for the operator-diffusive
terms

In Code_Saturne, the integral on a cell Q of the term div (KVY') is discretized this way:

/div (KVY)dQ~ Y K;V,Y -5, (I1.10.18)
Q
feF;

where F; is the set of the faces of cell i. For each face f, Ky is the face diffusivity (calculated from
the diffusivities at centers of the adjacent cells, with an harmonic or arithmetic mean), V,Y is the
gradient of ¥ at the face center, and S is a vector normal to the face, whose size is the surface of the
face, directed towards the outside of the cell 2. There are two ways of calculating the term VY- Sy
a simple one (i.e. without reconstruction) and an accuracy one (i.e. with reconstruction). In the
general case, two adjacent cells of Code_Saturne can be represented like in the picture below, where two
cells ¢ and j are separated by a face denoted f;;: The variables are known at centers of the cells, i.e.

at points I and J. But to get a rigorous estimation of the normal gradient at the center of the face
fij, we need values at points I’ and J":

YJ’ - YI/

Vi, Y8y =—F7 (I1.10.19)
The face gradient without reconstruction is calculated by the approximation:
Y; =Y
Ve, Y 8=~ (I1.10.20)

The less the vector 1.J is orthogonal to the face f;;, the more this approximation is wrong. But it has
the advantage to be easy and quick to deduce from the variables at cell centers, with a linear relation,
and to depend only on the variables of the adjacent cells. The face gradient with reconstruction is
calculated following the relation (I1.10.19), thanks to the relations:

Yp =Y+ VY- II'. (I11.10.21)
Yy =Y;+VY;-JJ. (11.10.22)

Thus, the calculation of the face gradient with reconstruction requires a calculation of the gradients
of Y at cell centers, which can be done by several methods. Depending on the choosen method, the
relation between the values of Y at cell centers and the gradient at cell centers can be nonlinear and
require a large stencil of cells. We will see in section 10.4.2 how the laplacian is solved in Code_Saturne,
in order to get the solution with the accurate definition of the face gradients but to keep the simple
definition for matrix inversions.

10.4.2 Solving of the linear sub-iteration in Code Saturne

The sub-iteration (I1.10.16) can be rewritten:

fs (SH —div (/LZéH) = C)H7 (111023)

where:
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o 6y = H"tL k1 _ gntl k ig the unknown;

o fs= %, not depending on the unknown;
o 1= K(H" % — 2) is the diffusion coefficient, tensorial if the permeability is tensorial. It does
not depend on the unknown;

e (Qp is the second member, not depending on the unknown.

We have:
Qu=Qs+RH"—z, H"™F —2) —div (K(H"™ ¥ —2) V(H" F)). (I1.10.24)
Now, let us denote E, the following operator, that applies on any discrete field z:
En(z) = fy o — [div (u¥2)]”, (11.10.25)

where exponent D represents the spatial discretization of gradient - divergent operator in Code_Saturne.
This operator is linear but, when using the reconstruction of the non-orthogonalities, it is difficult to
invert (see section 10.4.1). Thus, we also define EM,,, that is the equivalent of E,, but without taking
into account the reconstruction of non-orthogonalities. Now, we write the discretisation of the equation
(I1.10.23) in the form:

E,.(z) = Qumu, (1I1.10.26)

where x is the unknown. In order to solve it, we define the sequence (2™)nen that is calculated
following these iterations:

o EM,(6x™™) = —E,(62™) + Qn;
o pmtl = pm 4 §pmtl

O = initial guess.

o
With that method, we only invert the simple matrix EM,. If the iterations converge, we get the
solution of (II.10.26) with an arbitrary precision, and with a precise definition of the discrete diffu-
sive operator. This is the standard way of dealing with the diffusion problem in Code_Saturne. See
documentation on routine codits, for example, for further details.

10.4.3 Determination of the velocity field

Theoretically, the darcy velocity field ¢ of the flow just has to be calculated from the pressure head
field, thanks to the Darcy relation (I1.10.5). This can be done with the routine of Code_Saturne that
calculates the gradient of a variable at cell centers from the values of this variable at cell centers.
However, this simple way of getting the velocity field is only used for posttreatment purpose, and not
used in the transport equation, for the reasons given below.

In Code_Saturne, the integral on a cell © of the convection term div (Yg), where ¢ is a velocity field
and Y a transported variable, is discretized this way:

/ div (Y ¢)d~ Y Yy q, -5y, (I1.10.27)
@ FEF;

where F; is the set of faces for cell <. For each face f, Yy is the value of Y at the center of face F;
(calculated from the values of Y at centers of the adjacent cells, with an arithmetic mean), ¢ P is the
velocity at face center, and Sy is a vector normal to the face, whose size is the surface of the face,
directed towards the outside of the cell Q2. Thus the term ¢ ;e S 7 is the mass flux at face center.
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These mass fluxes at face centers could be deducted from the velocity values at cell centers, but
this method would not ensure the exact coherence of these mass fluxes with the continuity equation
(I1.10.2). To ensure this coherence, let us write the discrete contnuity equation:
9n+1 _ gn
ot

where exponent D corresponds to the discrete operator for convection, described above. Mixing the
discrete Richards equation (I1.10.17) and the discrete continuity equation (I1.10.28), we want to have:

+ [div (9)]” = Q,, (I1.10.28)

[div (K™Y (E"))]” = [div (¢)]" (11.10.29)

Exponent D still represents discretisation of operators. Taking into account equation ((II.10.18)) and
equation ((II.10.27)), this leads for each face f of the domain to:

K" H™ Sy =q, - 5. (11.10.30)
This gives the good value for ¢ . Sy, available from the solving of Richards equation.

So, for the purpose of discrete coherence between flow and transport equations (which is important
for the precision of the computation and coherence of the results), we deduct the mass fluxes used in
the transport equation from the normal gradients of the pressure head H calculated in the solving of
Richards equation, instead of deducting them from the velocity values at cell centers.

10.4.4 Convergence criterion

Two choices are available for the convergence criterion of the loop over sub-iterations k (from section
10.4). The first possibility is to continue the loop until two successive pressure head fields are close

enough, i.e.
||hn+1, k+1 hn+1, k||L2 < ¢
— K

where the value of € is given by the user. The second possibility is to impose such a condition on the
velocity field of the flow, i.e.

n+1, k+1 n+1, kL2 n+1, k+1 n+1, k| L2 n+1, k+1 n+1, kL2
”ua: — Ug || + ||uy — Uy H + Huz — Uy || <e
where we denoted u;, u, and u, the components of u over the three spatial directions. This last

choice imposes to calculate the velocity field at the end of each sub-iteration. Both of these options
are available in the module.

10.4.5 Cases without gravity

If we don’t want to take into account the gravity, then the Darcy law writes:
u=—KVh, (I1.10.31)

and the Richards equation becomes:

agT(th) = div (K(h) ¥(h) + @s, (I1.10.32)

which is solved exactly the same way, except that the solved variable is h instead of H. The user of the
module must be careful to adapt the initial conditions, boundary conditions and soil-laws accordingly.

10.5 Groundwater Transfers
10.5.1 Introduction

The transport of a solute in porous media with variable saturation is treated by the Hydrogeology
module, based on Code_Saturne transport equation solver with only few specific developments.
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10.5.2 Partition between liquid and solid phases

Solutes are present in soils and aquifers in liquid phase and can be sorbed in solid matrix.
Ctot =0c + pCS (111033)

where:

Ciot is the total concentration of the solute [M.L_2];

-3 .
water]7

¢ is the solute concentration in liquid phase [M.L

Cs is the solute mass fraction in solid phase (so called sorbed concentration [M.M ;ml-l]);

e p is the soil bulk density [Msoil.L_?’ ].

soil

In most of non reactive transport models, an equilibrium between liquid and solid phases is considered.

This is modeled by a soil-water partition coefficient, referred as K4 [L3 ;..M S_oil]
Cs =Ky xc. (I1.10.34)
Then the total concentration may be written as:
Ctot = 0Rc (111035)

where R[] is a retardation factor representing the delay of solute transport due to its sorption in solid
matrix: X
R=1+ % (11.10.36)

10.5.3 Advection/dispersion/diffusion/decay equation

We assume hereafter that the solute only exists in the liquid phase and is potentially sorbed on the solid

matrix. We also assume that the transport phenomena in the liquid phase are advection, kinematic

dispersion and molecular diffusion. The classical transport equation in variably saturated flow is:
9(R0c) 0 Oc dq,c

50 = g D)~ g+ Qecr = AROC (I1.10.37)

where:

e R is the delay factor, representing sorption phenomena [-];
e 0 is the moisture content [L3.L~3];
e c is the solute concentration in the liquid phase [M.L~3];

e g refers to the darcian velocity, which is a result of the solving of the Richards equation (see
section 10.4.3) [L.T~1;

e )\ is a first-order decay coefficient [M.L=3.T~1];
Qs refers to the volumetric flow source/sink, from the Richards equation (I1.10.6) [M3.T~1];

¢, is the source/sink concentration [M.L~3];

D;; is the dispersion tensor. It contains both the kinematic dispersion and the molecular diffusion
[L2.T71.

We note the following differences with the standard formulation of the transport equation in Code_Saturne:

e the presence of the delay factor R and the moisture content 6 in the unsteady term;

o the tensorial diffusivity D;;.
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10.5.4 Kinematic dispersion

Kinematic dispersion results from the existence of a very complex and unknown velocity field which
is not taken into account for advection (the average Darcy velocity is considered instead). It results
in a kinematic dispersion tensor denoted Dy, whose main directions of anisotropy are the direction of
the flow and two directions orthogonal to the flow. This tensor can be inferred from two parameters
named longitudinal and transversal dispersion coefficients (m.s-1), denoted «; and a4, and from the
amplitude of the velocity darcy field. In an orthonormal frame such that the first direction is the
direction of the flow, this kinematic dispersion tensor writes:

(07%] 0 0
Dp=1ql] o a0 (11.10.38)
0 0 (673

Physically, The coefficients «; and «y; are representative of the size of the biggest heterogeneities on
the solute path. Their determination is empirical.

10.5.5 Molecular diffusion

Molecular diffusion is due to Brownian motion of solute molecules that tends to reduce the differences
of concentration in different points of a continuous medium. It is already taken into account in the
standard transport equation of Code_Saturne. In porous media, molecular diffusion occurs in the whole
fluid phase but not in the solid medium. Hence, the diffusion coefficient is, in the general case,
proportional to the moisture content 6. It is denoted d,,.

10.5.6 Dispersion tensor

Finally, the dispersion tensor D;; is the cumulation of the kimematic dispersion tensor D) and the
molecular diffusion scalar. In a frame independant of the flow, it can be written:
4,4

Dij = ¢t \g|5ij+(al—at)|7q|

+ dméij, (111039)

where:

e 0;; refers to the Kronecker symbol [—];

e «; is the longitudinal dispersivity [L];

e « is the transversal dispersivity [L];

e d,, is the water molecular diffusion [L2.T~1];

e g, refers to the darcian velocity in the direction i [L.T~1;

e | g | is the norm of the darcian velocity [—].

Finally, the tensor is symetric (i.e. D;; = D;;) and can be expressed as:
q a qa’
® Dup = cujgy + upyp + ey + dimj

2 2 2
q g q
e Dy, = o —&—alﬁ + T + dms;
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2 2 2
q a q
e Dy, = apar + at—lgl + g + dpm;
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10.5.7 Specificities of the groundwater transport equation in rela-
tion to the standard transport equation

The general method developed in Code_Saturne for the treatment of the transport equation is kept;
just a few changes in the definition of the general matrix to invert and of the right hand side have been
done, in order to take into account the presence of the moisture content and delay in the unsteady
term, and to give to the user the opportunity to define a dispersion tensor. More specifically, as values
at iterations n and n + 1 of moisture content and delay are available for the transport calculation at
iteration n, we can discretize the unsteady term this way:

d(Rc) Rtl gntl (ntl _ pnogn on
ot At ’

which ensures global discrete mass conservation of the tracer.

(11.10.40)

10.6 Alternative models to treat the soil-water partition of
solutes

10.6.1 EK model

In the previous section, an equilibrium between liquid and solid phases is considered. This assumption
is valid if this equilibrium is instantaneous, linear and reversible. Hoewever, these properties are rarely
verified. Indeed, sorption and desorption processes often follow different kinetics laws. EK model
(equilibrium-kinetic) is an alternative, semi-empirical approach which considers two types of sorption
sites (see figure 10.6.1):

e Sites denoted 1 are at equilibrium with liquid phase. As in the Ky approach, mass fraction Cg,
is proportional to the liquid concentration:
CSl = Kd X C. (11.10.41)

e Sites denoted 2 interact with liquid phase with kinetic. The time evolution of mass fraction Cgq
is described by a partial differential equation:

0
Usa _ pe k= Cs, (11.10.42)
ot
where kT [L3 ;..M 5. T~'] and k~ [T~'] are experimental parameters, depending on soil prop-

erties and on the solute under consideration.

In this case the total concentration can be written as follows:

Ciot = (0 + pKg) X ¢+ p x Cgy (I1.10.43)

Global transport equation (I1.10.37) then becomes:

9(R0c) d(Csy) 0 oc dq,c
5% TP e — &Cj( ij 8%) o, + Qscr — AM(Rlc+ pC'sy). (I1.10.44)
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Cs e | C Kd Cs
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sites 2 k- | phase sites 1

N

Figure I1.10.1: Two-site sorption model: solid 1 at equilibrium with water phase and solid 2 with
partially reversible sorption

To treat the kinetic sorption term, ¢ is approximated by a constant and equation (11.10.42) is analyti-
cally solved :
E+

ng"rl _ e—katCSg _ =

(e k At=lyen, (I1.10.45)

Note that this approximation is valid only if the time step is not too high.

10.6.2 Precipitation

For some solutes, the concentration in liquid phase is physically bounded by a maximum value, called
solubility index (or csq¢). When the concentration exceeds this value, the solute precipitates and a
solid phase is formed. When the concentration decreases below the solubility index, the solid phase
can dissolute.

This process is assumed instantaneous and is treated at the end of each time step as follows:

c= min(c + Cprecips Csat) (II 10 46)

Cprecip = Hla.X(O, c+ Cprecip — csat)

where ¢precip [M>.L73] is the concentration of precipitate phase.




Chapter 11

Magneto-Hydro Dynamics

See § A and the programmers reference of the dedicated subroutine for further details.



Chapter 12

Lagrangian particle tracking
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12.1 Trajectography

The Lagrangian tracking of particles within a mesh implies that both the global coordinates of each
particle and its location within the mesh need to be determined. While the particle displacement is
calculated according to the particle equations of motion, a specific trajectography module allows to
evaluate the cell to which the particle belongs.

The main idea of the algorithm for trajectrography is the following (see also Figure 11.12.1): knowing
the initial particle location O, its current cell and the particle location at the end of the time step D,
we check if the particle displacement crosses one of the faces of the cell in which the particle is. For
that purpose, for each face of the current cell, we calculate if there is an intersection I between the
particle displacement vector OD and each subtriangle composing the face (for instance, the face on the
right-hand side in Figure I1.12.1 can be decomposed into four subtriangles, here (GP, Ps), (GP2P3),
(GP3Py) and (GP4Py)). In this example, to determine whether the intersection with the line (OD) is
inside the triangle (GP; P), three conditions need to be fulfilled:

OD-(GAAGO) _ (IL12.1a)
OD - (GP, AGPY) o
OD - (GP, A GO)
GP, I1.12.1
OD - (GPAGPy) ~ R
OD- (PP APLO) (I1.12.1¢)

0D - (GP, AGP))

It should be noted that these three conditions are based on geometric considerations (similar to the
Moller-Trumbore algorithm) which amount to checking if the intersection point I is located on the
proper side of each edge of the triangle. For computational purposes, only the sign of these parameters
are calculated in the calculation. This choice has been made to avoid to treat properly the case where
the intersection is right on the edge (in that case, the calculated value is identical for both faces
containing the edge meaning that the intersection exists only on one side of the edge).

If the line (OD) crosses a triangle, the coordinates of the intersection point I are calculated using:
z; =20+t x 0D (11.12.2)

with ¢ € [0, 1] given by:
GO - (G, NGPy)

OD - (GP, AGP))

t= (I1.12.3)

Moreover, Egs. (I1.12.1) actually provide information whether the whole line (OD) crosses one of the
faces of the current cell. Comparing the orientation of the displacement vector to the orientation of the
local normal to the triangle (oriented towards the cell center) thus gives information on the number
of times the line (OD) enters (parameter n_in) and leaves (parameter n_out) the current cell. This is
used to check if the particle is really inside the current cell, which amounts to the following condition:
Nin = Nout > 0.

Besides, a specific treatment has been added to deal with the case of warped faces. As depicted in
Figure I1.12.2, in this case, the particle displacement vector OD may cross several subtriangles of a
single face. To properly treat such cases, a parameter has been added to measure how many times the
displacement vector OD enters and leaves one face (in a similar way to the one used for the parameters
n_in and n_out). As a result, depending on the value of this parameter, two different cases can be
distinguished: either the particle leaves through the current face (positive parameter) or does not leave
the cell through this face (zero value).

This procedure is repeated until the particles reaches a cell where it remains (no exit through any faces
of the new cell). Warning: to avoid high computational costs, a maximum number of 100 cells can be
crossed by each particle in a single time step, otherwise it is considered lost (this maximum value can
be changed).
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Figure 11.12.1: Sketch showing a particle displacement from O to D within a cell.

C o

Figure 11.12.2: Sketch showing a particle displacement from O to D going through a warped face.
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Chapter 13

Atmospheric flow modelling
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13.1 Atmospheric flow modelling

13.1.1 Equations of atmospheric motion
Atmospheric specific features

The following table illustrates the vertical variations observed in the standard atmosphere:

Table 13.1: vertical variation of different variables

altitude(m) | Temperature (°C) | Pressure(Pa) | Density(kg/m?)
0. 15.0 101325. 1.225
1000. 8.5 89869. 1.112
2000. 2.0 79485. 1.007
3000. -4.5 70095. .909
4000. -11.0 61624. .819
5000. -17.5 54002. 736
6000. -24.0 47162. .660
7000. -30.5 41041. .589
8000. -37.0 35580. .525
9000. -43.5 30723. 466
10000. -50.0 26418. 412
11000. -56.5 22614. .364

We therefore see that for motions with vertical scales that are of the order of 100m one can approxi-
mately consider the density as constant, except when thermal effects are important. Alternatively we
have to take into account these variations with height as described below.

Anelastic approximation

Atmospheric flows can be both considered incompressible in the sense that their Mach number is much
less than one but also flows in which the density is a function of pressure (as seen in Table 13.1).

These can be reconcilied with the anelastic approximation (see [Pie84]) in which the time derivative
p

term % is neglected in front of the other terms. The continuity equation therefore becomes:
dpu;

= 11.13.1
oz, 0 (IL13.1)

This form of the continuity equation eliminates the acoustic waves, which have a very high propagation
velocity, from the possible solutions.
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Potential temperature

Potential temperature is derived from the temperature but is a conserved quantity through adiabatic
transformation (compression/expansion). Its expression is (see [Hol79] and [Stu88]):

g="T (’;) (&) (IL.13.2)

where ps is a constant pressure conventionally taken as 1000 mb and R* is the gaz constant for dry
air (=287 Jkg~ 'K ~!). With this variable the thermal equation becomes:

00 00 o (A 00
(5 v i) ~ (o (Gam) +2) —

Where ® is the heating/cooling source term and A; is the thermal conductivity.

During their motion air parcels keep their potential temperature unless diabatic effect are present (such
as condensation/evaporation of water as we will see in the micro-physics section)

Potential temperature is also used to easily characterize the local static stability of the atmosphere:

o if % >0, the thermal stratification is stable,

o if % = 0, the thermal stratification is neutral,

o if % <0, the thermal stratification is unstable.

The distinction between the temperature and the potential temperature is important. For example
in the table above the temperature is decreasing with height (by approximately 6.5 K/km) but the
standard atmosphere is stably stratified with a potential temperature increasing with height.

Turbulence production by buoyancy

In standard Code_Saturne with the k-e turbulence model, the production or destruction rate of the
turbulent kinetic energy due to buoyancy is given by:

e 10p

i 11.13.4
95\ 5Dz ( )

where oy is the turbulent Prandtl (Schmidt) number and g, is the turbulent viscosity. However for
the neutral (adiabatic) atmosphere for which the buoyancy production of turbulence is zero, we have
a diminution of the density with height and formula (I1.13.4) is no longer valid and for atmospheric
motions should be replaced by [Stu88]:

utlaﬁ
_ gl I1.13.
G gateﬁz (I1.13.5)

Momentum equations

The momentum equations of the standard Code_Saturne are not modified for small scale atmospheric
flows, and in particular the Coriolis term should not be used as the Rossby number is almost always
much larger than one. In very specific cases the Coriolis term and the associated pressure gradient can
be introduced as user source terms.
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13.2 Method of imbrication in Code_Saturne Atmospheric
physics (MICA)

We explain in this section how meteorological profiles are used in atmospheric flow calculations for
defining boundary values.

A first option is to use only one profile giving the wind (horizontal components U and V), the turbulent
kinetic energy (TKE), the dissipation rate of TKE (¢), temperature (and optionally specific humidity
and water droplet density for humid atmosphere physics) as function of the altitude. This option does
not allow to take into account the horizontal gradients present in the fields given by a larger scale
model, as the values given by the profile are imposed at all the boundary faces of the computational
domain marked as inlet.

Generating a physically consistent marking is already a challenging task since the wind direction may
vary with the altitude, justifying the introduction of the “automatic boundary conditions” flag: for
each boundary face so flagged the scalar product of the wind given by the profile and the normal vector
to the face is computed and that face is then deemed inlet or free outlet according to the sign of the
result (the limit case 0 is considered inlet too). But if the nature (inlet or outlet) is diagnosed face by
face at each time step one is not restricted to horizontally homogeneous profiles: this flag permits the
use of large scale fields coming from another meteorological model , WRF (the Weather Research and
Forecasting Model: www.wrf-model.org) for instance, to specify boundary values.

We describe now the method of interpolation of the large scale profiles on the “automatic boundary
conditions” faces of the computational domain: the so called Cressman method.

This method has a rather long history of use in meteorological modelisation: the first publication
(see [Creh9]) appeared more than 50 years ago. Its formulation is simple: in order to estimate the
value of a physical variable (e.g. wind components, temperature) at a grid point from scattered data
points one uses a weighted average of the values. The weights of the different data are function of the
displacement between the data points and the estimation point, very often function of their distance
only. In the original publication the function was a clipped rational function of the distance while the
method used in Code_Saturne atmospheric flows uses a Gaussian kernel like in [Bar64]. If we denote
the Cartesian coordinates of the scattered data points by (z;y:2:), by (x, y, z) the coordinates of the
generic estimation point and by Vi the values of the variable of interest the estimate reads:
7oy —yiz— ) (11.13.6)
Y fl@ =iy —yiz— )
This will be a well-defined weighted average as long as the weight function f is positive and the sum
appearing as denominator strictly positive. For application in Code_Saturne the following form of f has
been chosen:

$2 +y2 22
AR, 4RY

f(z,y,2) = exp(— ) (I1.13.7)

The radius Ry (Rpgv) is the so called horizontal (vertical) range of the method. Their influence on the
estimates is easy to describe. When the horizontal (vertical) distance of a data point to the estimation
point is much larger than the corresponding range this data will see its contribution to the estimate
diminish. Only points relatively close to the estimation point will yield appreciable contributions to
this estimate. Please notice also that even at the data point the formula will give an estimate different
from the data value. The estimation is not an exact interpolator, but a smoothing estimator.

13.3 Radiation parameterizations for atmosphere

For these parameterizations we distinguish two spectral domains: visible (0.2 um — 5 pum) for solar
radiation and infrared (5 ym — 100 pm) for thermal radiation.
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13.3.1 Thermal infrared radiation

The radiation transfer equation applied to a plan parallel atmosphere (1-D) using the two stream
approximation for a non-scattering medium with the broadband emissivity approximation for spectral
integration (see [Lio02] and [MMGC™16]) leads to the expressions of the upward and downward fluxes:

Ft=0T, (1—¢€(2,0)) — / oT* (2)) % (2,2')d2’ (I1.13.8)
0
F|= / oT* () % (2,2")d7' (I1.13.9)

Where T is the fluid temperature in K, T, the ground surface temperature in K,

o the Stefan Boltzman constant and e the atmosphere emissivity defines by:

1 o0

=1 | (= D(z2) 7R (2, 2) dA (I1.13.10)
g 0

e(z,2)
Where 9 = 2h02)\_5(e’€f;§T — 1) is the Planck function,
I, the transmittance and kg is the Boltzman constant.

If the ground surface is not considered as a black body, with a ground emissivity e, the upward
flux can be written (see [PMST12]):

F = eyoTt (1— ¢ (2,0)) + (1 &,) /Oo 0T () e (=2, ) de' — / o4 () % (+/,2)d2 (IL13.11)
0 0

In this expression, the second term can be considered as a downward radiation along —z and infinite.
Integration by parts and supposing isothermal atmospheric layers above zt = 11000 m leads to the
following expressions for upward and downward fluxes:

zt d T4 /
F |=¢(00,0) 0T (2t) — / E(z',z)adi/(z)dz’ (I1.13.12)
z
z
z d T4 ’ zt d T4 /
Fi=¢,T, + / (07,(2)) e(2,2)dz' + (1 —¢,) [oT* (2t) € (00, —2) — / doT” () e(—z,2")d2"]
0 dz 0 dz’'
(I1.13.13)
The heating/cooling for atmospheric layers is deduced from the divergence of the net Flux:
F,=F1-F|. (I1.13.14)
dF. “d (0T () de (2, 2) de (00, —2)
— = ody + (1 - T (2t ’
dz /0 dz' dz' 7+ eo) 0T (21) dz'
doT* (2') de (—2,2") de (00, 0) #de(2', 2) doT*(2")
- =L d] - = oT* (2t / ’ d2’ (IL13.1
/0 dz' dz' d dz (2t) + . dz' dz' 7 (L13.15)

Clear sky

To determine emissivity it is common to introduce the corrected path length u,(z, z’) for major ab-
sorbing gases: water vapor, carbon dioxide and ozone.
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ug (2,2") :/ pg (27) ¥ (Ty, Py, T, P) dz”

/

(11.13.16)

where W is a scaling function eliminating the dependence of the absorption coefficient on pressure and
temperature. These corrections, known as the one-parameter scaling approximation, are attributed to
[CA80]. The emissivity €(z, z’) for each gas is now a function of the scaled path e(uy(z, 2’)). The total

emissivity for the three dominant atmospheric gases in the infrared domain is:

e(2,2") = emo(umo (2,2") + €0, (uo, (2,2")

+eco,(uco, (2,2") Tisy (umyo (2, 2)) + €dim (Udim (2, 2") T (up,0 (2, 2'))

The optical thickness are:

z P Z” T "
um,o0 (2,2") :/, pi,0 (27) ( 530) T(S”)) dz”

z

P(2)\ /4
u002 (Z,Z/) :/ p002 (Z”) < (Po )) dZ”

UO4 (Z, Zl) = |fG'reen (Z) - fGreen(Z/)‘

Udim (z,z’)Z/ p,0 (27) e(z7)dz" f(T(27), To)dz"

’

e—b/c

Where f (T (z),1Tp) = exp [1800 (ﬁ_wlao)} and fareen (2) :alfg(zi,b)/c
with a=0.1 cm/STP (Standard Temperature and Pressure), b= 20km,
¢ chosen as b/c=5 (see [Gre64])

The associated emissivities are:

[Sas68] formula for water vapor, carbon dioxide and ozone:

2

>0.243

0.846 * (3.59 x 1077 4 “2©

o forum,o <0.1kg.m™

em,0 (UH,0) =

0.2410g,, (0.01 + “522) 4+ 0.622 for ug,o > 0.1kg.m™>

)0.436

0.209 * (uo, + 7.0 x 107° —3.21 x 1072 forup, < 0.01em/STP

€03 (UOJ) =
7.49 x 1072 4 2.12 x 102 log; (uo,) foruo, >0.01em/STP

0.0676 * (0.01022 4 uco2)”**" — 0.00982 for uco, < 1cm/STP
£co, (uco,) =
0.2410g,, (0.0676 + uco,) + 0.622 foruco, > 1em/STP

1.33 — 0.832 (0.0286 + “222)°*° for wp, o < 20 kg.m =2
Tisu (um,0) =
0.33 — 0.2754 (log, (“522) — 0.3011) for up,o > 20kg.m™>

(11.13.17)

(11.13.18)

(11.13.19)

(11.13.20)

(11.13.21)

(11.13.22)

(11.13.23)

(11.13.24)

(11.13.25)
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(see [VSF80]) for water vapor dimer:

2 4 3.
0.4614 [1 - (E aiuzim> / (Z bj“ium)] forugim < 0.5g.cm™?2
i=0 7=0

Edim (Udim) =
0.4614 for ugim > 0.5g.cm™2

with

ag = 0.015075, a; = —0.036185, as = 0.0019245, by = ag, by = 0.19547, by = 0.75271, by = 1
(11.13.26)

4 ! . 5 ! y
Tw (uH20> = (Z aiu:iim,) / (Z b]u]dzm>
=0 7=0
with
ap = 7.76192 x 1077, a; = 1.33836 x 10>, ay = 0.166649, a5 = 2.17686, a, = 2.6902  (I11.13.27)

by = 7.79097 x 10~7, by = 1.36832 x 103, by = 0.179601, by = 2.70573, b, = 5.15119, by = 1
(I1.13.28)

Cloudy sky

The transmittance by cloud droplets can be considered as grey body transmittance and overlapping
by gas absorption is taken into account as in [Sas72].

e(2,2) =1—(1—egas (7', 2)) T (2, 2) (I1.13.29)
with 7(z'2) = 1—¢;(#', 2z) = exp(—K; I p(z" ) (zu> dz2'")

and K; =1.66 3/4r. where r. is the effective radius of the cloud droplet.

In case of partial cloudiness N, 4., the transmittance for liquid water can be modified following [Bou85].

z

7 (2',2) =1 = Npaz (27, 2) + Nppaz (2, 2)exp(— K / p(z Vi (z”) dz") (I1.13.30)

’

13.3.2 Solar radiation

The first step consists to determine astronomic factors linked to earth-sun position

De(t:ermination of zenithal angle and correction factors for solar constant (see
[PC74])

o = cos @ = sin d sin ¢ + cos d cos ¢ costh (I1.13.31)
Where ¢ is the latitude, § the inclination which depends on the day of year:

0 = 0.006918 — 0.399912 cos €y + 0.070257 sin §y — 0.006758 cos 26,
+ 0.000907 sin 26y — 0.002697 cos 36y + 0.001480sin 36, (I1.13.32)

with 0y = 27.J/365

The solar local time th= local time + longitude correction + Eq (Time equation).
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Eg = 0.000075 4 0.001868 cos 8y — 0.032077 sin 6y — 0.014615 cos 26y — 0.040849sin 20,  (11.13.33)

A correction for sun-earth distance is taken into account

F = Fy(1.00011 + 0.034221 cos 8y + 0.001280 sin 6§y + 0.000719 cos 26y + 0.000077 sin 26y)  (11.13.34)
with Fg =1367 W m~2.
In order to take into account earth curvature a correcting term is added:

Hatmo 8k
n with ri= tmo- _ m

Mo = M% +T1(T1 + 2) — 1o - Rearth a 6371 km

(11.13.35)

Solar radiation in clear sky without aerosols

The radiation transfer equation applied to a plan parallel atmosphere (1D) using the two stream
approximation in a non-scattering medium with an external radiation source term (the sun) for the

global radiation (direct + diffuse) leads to the expression of downward and upward fluxes for a spectral
band Av (see [LHT4]):
S 1= 1o FoTay Ugas (2,00) (11.13.36)

S 1= poFoRyTay (Ugas(0,00), Ugas(0, 2)) (I1.13.37)

Where Fy is the solar constant, g is the corrected cosines of the zenithal angle, 7o, the transmittance
and ug4s the optical thickness for the considered gas.

The solar spectrum is divided in two bands: One for ozone (0.2-0.7 um) where absorption occurs in
the upper layers of the atmosphere, a second one for water vapor (0.7-5 pm) part where absorption
occurs in the lower part of the atmosphere.

Ozone Band

For ozone band, the Rayleigh diffusion is parameterized as an albedo for the lower part of the atmo-
sphere combined with earth surface albedo. With these approximations the heating rate due to ozone
in the layer (1, 14-1) is (LH74):

F(g:; = MOF [AO;;, (mlJrl) - A03 (xl) - R(NO) (A03 (xszrl) - AOS (957))] (111338)

With 2 = Muo, (00,2), z* = Muo, (00,0) + M (up, (